§6.1 The Domains of Rational Expressions & Multiplication & Division
Recall that a rational number is a quotient of integers.  A rational expression is a quotient of polynomials, such as:




  P 
where Q(0 and P and Q are polynomials




 Q

A rational expression can be evaluated just as any polynomial, except that a rational expression can be undefined when the denominator is equal to zero.  In Algebra we called this finding the zeros or finding the extraneous roots.  In Intermediate Algebra we extend this to relate to functions and their domains.  The domain of a rational expression only includes the numbers for which it is a valid function.  This does not include where the denominator will be equal to zero, thus to find the domain of a rational expression we will need to find the zeros and exclude those from the domain.

Example:  What is the domain of  


a)
      x2  (  3      




 x2  (  3x  (  10

Note:  Find zeros of the polynomial in the denominator, by solving as a quadratic

b)
      x2  +   3x  (  10      




            x2   +  5

Note: There are no zeros because when you square a number and add it to a positive number you can never get zero.

Example:  
Why are the domains of the following expressions not the same 

although the expressions are equivalent?


       x2  (  3      
and
      x  (  3      



   x2  + 6x  +  9

      x  +  3

Recall that



 -a   =   a   =   _   a   when b(0



  b
-b
   b

This is also true of polynomials.  My suggestion is to simply pull any negative signs out and consider the entire expression as either a positive or negative expression.


Example:
   - ( x  +  3 )     =    _          x  +  3      





  x2  (  3x  +  2
      x2  (  3x  +  2  

Just as when we were dealing with fractions, if you multiply the numerator and denominator by the same thing the resulting expression is equivalent.  This is called the Fundamental Principle of Rational Expressions, when we are discussing a  fraction of polynomials.

PR   =   P 

if P, Q  and R  are polynomials and

QR
   Q

Q&R(0

Concept Example:

 15   =   3  (  5   =   3 






 35
   7  (  5
7

In order to simplify rational expressions we will use the Fundamental Principle of Rational Expressions just as we used the Fundamental Principle of Fractions to simplify fractions.

Steps to Simplifying a Rational Expression
1)  Factor the numerator and the denominator completely

2)  Cancel common factors

Example:
Simplify


a)
     x2    





x2 +  2x

b)
    x2  +  3x  (  xy  (  3y       





    x2  (  xy  +  5x  (  5y 

c)
   x2  (  x  (  2  





 x2  +  5x  (  14

d)
 - x  +  y  





  x  (  y

Your Turn
Example:
Simplify


a)
      x3  +  8       





 x2  (  5x  (  14

b)
  x4  (  y4  





  x2  (  y2  

If all things are considered equal, multiplication of rational expressions is just the same as simplifying, except in the end we have to write the answer as one consolidated expression.

Steps for Multiplying Rational Expressions
1)  Factor numerators and denominators completely

2)  Cancel if possible

3)  Multiply numerators and denominators

Example:
      x  +  2       (     x  +  1  




x2  +  7x  +  6        x3  +  8

Your Turn
Example:
Multiply


   x2  (  5x  (  14         (   x2  (  8x  +  7





x3  (  1        

x2  +  x  (  2

Since division is just multiplication by the reciprocal, nothing changes from multiplication.
Steps for Dividing Rational Expressions
1)  Take the reciprocal of the divisor.

2)  Multiply the dividend and the reciprocal of the divisor

Example:
Divide

a)
      x  +  1        (        3x2  (  3    




 2x2  (  x  +  1       
x2  (3  x  +  2

b)
     4x2  (  16        (        8x3  (  64    




        x  +  1       
    x2  +  9x  +  8

Your Turn
Example:
Divide


     x2  +  8        (         x3  (  10     




    x2  (  16       
x2  (  9x  +  20



b)
3q2  +  17qz  +  10z2   (    6q2  +  qz  (  2z2  



6q2  +  13qz  (  5z2          6q2  (  5qz  +  z2
In this section is also some additional information concerning functions where there is an x in the denominator.  Recall our introduction to these in chapter 3.  We learned there that these functions approached the x and y axis in two quadrants but never touched the axes.  The axes are special lines that we call asymptotes.  An asymptote is found by finding the zero of the function – where the function is undefined!  Exercises 107 – 110 deal with these types of functions and graphing them on a calculator.  Parts c & d are referring to the asymptotes.

§6.2 Addition and Subtraction of Rational Expressions

When we have a common denominator, as with fractions, we simply add or subtract the numerators.  We do have to be cautious because when subtracting it is the entire numerator that's subtracted, so we must use the distributive property to subtract.

Example:
 2x  +  5   (   x  (  5   =  




  y  +  2
 y  +  2

Just as with fractions sometimes we will need to reduce our answer before we are finished.  In order to do this we have to factor the numerator and denominator and cancel.
Example:
     -4y + 6      +       5x ( 3       =  




 y2  + y  (  6        y2 + y  (  6

Your Turn

Example:
  x2  +  1    +        3x      =




  x  +  2
  x  +  2

This leads us to the point that we always need to factor the numerator and denominator in order to reduce and also for our next application of finding a common denominator.

Finding the LCD of a rational expression is the same as finding the LCD of fractions.  We just need to remember that a polynomial must first be factored.  Each factor that isn't a constant is considered as a prime number.  The unique primes to their highest exponent go into the LCD.  If the denominators are each unique their product is the LCD.  Finally, if one is a factor of the other the largest is the LCD.

Example:
Find the LCD of 


a)
       x  +  2        ,    x  +  1  





 x2  +  3x  +  2        x  +  2

Note:  One is a factor of the other.  Therefore the larger is the LCD.

b)
            2             ,        x  +  1     





4x2  +  13x  +  3     x2  (  6x  +  9

Note: Since they are all unique the product of the two is the LCD.

Your Turn
Example:
Find LCD of 
            2x             ,        x2  +  1     







  
  x2  +  2x  +  1               x2  (  1

Next, we need to build a higher term so that we can add and subtract rational expressions with unlike denominators.

Building A Higher Term
1)  Find LCD

2)  Divide LCD by denominator

3) Multiply numerator by quotient

Example:
Find the LCD of 

 1   ,    2x  +  5  








 x
x(x  +  5)

1)  LCD was
  x(x  +  5)

2)   x(x  +  5)   =


 x(x  +  5)   =


x



 x(x  +  5)

3)   1   (               =                   


 2x  +  5 


      x


   x(x  +  5)


x(x  +  5)
Your Turn

Example:
Find LCD of 
            2             ,        x  +  1     







4x2  +  13x  +  3     x2  (  6x  +  9

1)  LCD  was  (4x  +  1)(x  +  3)(x  (  3)2

Now we must use our skills altogether to add and subtract rational expressions with unlike denominators.

Addition/Subtraction of Rational Expressions w/  Unlike Denominators
1)  Find LCD

2)  Build Higher Term

3)  Add or Subtract as normal

Example:
 15a   +   6b 




  
  b
      5

Example:       15       +       x     



       2x  (  4
      x2  (  4

Example:        x        (         2        +    2


   
        x2  (  4
        4  (  x2
Example:      x      (            2         



       x2  (  1
   x2  (  2x  +  1

Your Turn
Example:

            2x             +          x2  +  1     




  
  x2  +  2x  +  1                 x2  (  1

Example:
       2           (      4x2  (  6xy  +  9y2  




  2x  +  3y
            8x3  +  27y3
Example:
1  +               y                (             9       




         y2  ( 10y  +  24
        y  (  3

§6.3 Complex Fractions
A complex fraction is a fraction with an expression in the numerator and an expression in the denominator.

Simplifying Complex Fractions  Method #1 (division)
1)  Solve or simplify the problem in the numerator

2)  Solve or simplify the problem in the denominator

3)  Divide the numerator by the denominator

4)  Reduce

Example:
Solve the following using method #1 (Division)

a)

 3 





 4



-----------------




 2 





 3

b)

 6x  (  3 





     5x2


-------------------------   




 2x  (  1 





    10x

c)

 1   +   2 





 2        3



-------------------------




 5   (   5 





 9        6

d)

 1   (   1 





 5        x



-------------------------




 7   +   1 





10
 x2
Simplifying Complex Fractions Method #2 (mult. by LCD)
1)  Find the LCD of the numerator and the denominator fractions

2)  Multiply numerator and denominator by LCD

3)  Simplify resulting fraction

Example:
Solve the same problems as above using Method #2 (LCD)

a)

 3 





 4



-----------------




 2 





 3

b)

 6x  (  3 





     5x2


-------------------------   




 2x  (  1 





    10x

c)

 1   +   2 





 2        3



-------------------------




 5   (   5 





 9        6

d)

 1   (   1 





 5        x



-------------------------




 7   +   1 





10
 x2
Your Turn

Example:
Solve using the method of your choice


a)
  a    (  5



  b



--------------



  -a    +  5



   b

§6.4 Solving Rational Equations 
The only difference between solving rational expression equations and regular equations is that all solutions must be checked to make sure that it does not make the denominator of the original expression zero.  If one of the solutions makes the denominator zero, it is called an extraneous solution.

Solving a Rational Expression Equation

Step 1:  Find zeros (restrictions) of the rational expressions 

Step 2:  Find the LCD of the denominators in the equation

Step 3:  Multiply all terms by the LCD

Step 4:  Solve appropriately (may be either a linear or a quadratic, so be careful!)
Step 5:  Eliminate extraneous solutions as possible solutions to the equation and write as 

  a solution set.

Example:
      9        =  -2



 2a  (  5

Example:
    6     +  x  =  -5




    x 
     
      

Example:
    2x      (  2  =    x  (  8  




 x  +  2
       x  (  2

Example:
  x  (  1    =        4      




  x  (  5
 x  (  5

Note:  Sometimes there is no solution because the only solution gives you an extraneous root.  Also not that when the problem looks like a fraction equals a fraction that you may call into play your knowledge of proportions in order to solve.  However,  you will notice a definite difference in difficulty, especially in this problem!

Example:
  x    (    3x    =    -8x  




 15          5           15

Note:  Sometimes the solution may be all real numbers.

In the next examples, we will want to solve for a variable when there are two or more variables in an equation.  We must use our skills of factoring and solving.

Example:  
Solve for n

 m2   (   n   =   p 







 6          3        2

Example:
Solve for a

at2  (  at1  +  v1  =  v2
Also included in this section are similar figures.  Recall that a similar figure is a figure that has proportional sides due to similar angles. Similar triangles are triangles that have exactly the same angles with corresponding sides that are proportional (not the same length, but all sides between equivalent angles will form an equivalent fractions).

Given
(A  =  (D,  (B  =  (E,  (C  =  (F in the following 2 triangles




Then  AB : DE, 
BC : EF, 
AC : DF

Meaning that 
AB  =  BC ,
AB  =  AC ,
BC  =  AC
(read AB is to DE as 



DE
 EF
DE
DF
EF
DF       BC is to EF, etc.)
The only thing left to recall, is that in a proportion (which is what the above “meaning that” statements are called) the cross products are equal.  Cross products are the diagonal numbers, across the equal sign, multiplied.

Cross Products are equivalent in any true proportion and this allows us to set up an equation to solve.




AB  (  EF  =  BC  (  DE


Example:
Find x using your knowledge and then find the length of BC.





If  BC  =  2x + 10 &  AC  = 8    While   EF  = 6   and AF  =  x + 3  

Of course, the discussion would not be complete without our old friend function notation.  He must rear his ugly head!  In this case we are simply giving the value of the function at "a" and being asked to find the value of a.  This is the same thing as saying solving a rational equation.

Example:
Find all value(s) of a such that 
f(a) = -2 when f(x) = 2x  (    4  













     x

§6.5  Rational Equations:  Applications and Problem Solving

In this section, the only catch is that we are working in parts of things, the distance formula where time is the key or the work formula which is rate times time where rate is 1 over the time to do the whole job or number problems where we will be seeing reciprocals.  Therefore, we will have rational expressions coming into our equation.

Example:  
Three times the reciprocal of a number equals 9 times the 

reciprocal of 6.  Find the number.

Example:  In 2 minutes, a conveyor belt moves 300 pounds of tin from the delivery truck to a storage area.  A smaller belt moves the same amount the same distance in 6 minutes.  If both belts are used, find how long it takes to move the cans to the storage area.

	
	Minutes
	Part of Job in 1 Minute

	Large
	
	

	Small
	
	

	Together
	
	


Or

	
	Rate (1 over total time)
	Time (unknown)
	Part of Task Completed

	Large
	
	
	

	Small
	
	
	

	Together
	
	
	      Always 1


Example:  A cyclist rode the first 20-mile portion of his workout at a constant speed.  For the 16-mile cool down portion of his workout, he reduced his speed by 2 miles per hour.  Each portion of the workout took the same time.  Find the cyclist's speed during the first portion and find his speed during the cool down portion.  (Notice that the equation involves the time versus the chapter 2 & 4 problems where they came from distance.)
	Distance   =
	Rate    (
	Time (T = D/R)

	
	
	

	
	
	


Example:
Ray starts out on a boating trip early one morning.  Ray's boat can go 20 mph in still water.  How far downstream can ray go if the current is 5 mph and he wishes to go down and come back in 4 hours?

§6.6 Variation
Direct variation or direct proportionality indicates a direct relationship between two variables.  If I say that y varies directly with x, this says that as x is changed y changes (increases or decreases) by some constant amount.  Graphically, a direct variation looks like a straight line.

 y varies directly with x
     translates to
y ( kx  where k = constant of 

        proportionality

  (  is an equal sign to 

      create an equation


Example:
Distance varies directly with time.  Translate this to an 

equation.  What does the constant of proportionality 

represent?

Inverse variation or indirect proportionality indicates an inverse relationship between two variables.  If I say that y varies inversely with x, this says that as x is changed, y changes (if x increases then y decreases and vice versa) inversely by some constant amount.  Graphically an inverse relationship looks like ½ of a hyperbola.

y varies inversely with x
     translates to
y ( k  where k = constant of 

         x                      proportionality

  (  is an equal sign to 

      create an equation


Example:
Time varies inversely with speed.  Translate this to an 

equation.  What does the constant of proportionality 

represent?

Joint variation or jointly proportional means that one variable increases or decreases as two others increase or decrease.

y varies jointly with x&z
     
translates to

y ( kxz 


Example:
The area of a triangle varies jointly with the triangle's 

base and height.  Write an equation that represents this 

relationship.  What is the constant of proportionality?

As the last problem hints, these equations can be set up to find the constants of proportionality in order to solve for one of the variants.  We take a standard example and solve for the constant of proportionality and then use that constant to build an equation.  You may have done this for the constant of proportionality, (, in the equation C = (d.  Let's look at some examples.


Example:
The profit from selling lamps is directly proportional to 

the number of lamps sold.  When 150 lamps are sold, the 

profit is $2542.50.  Find the profit when 520 lamps are 

sold.


Example:
The volume of a gas, V, varies inversely as its pressure, 

P.  If the volume is 800 cc when the pressure is 200 mm, 

find the volume when the pressure is 25 mm.
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