Chapter 3: Radian Measure and Circular Functions

§ 3.1 Radian Measure

Outline

· Radian Measure

· Definition of Radian

· Gives domain of Real Number not ∠

· Θ = s/r , where  s = arc length, r = radius

· Conversion

· Deg ► Rad π/180

· Rad ►Deg 180/π  or substitute  π for 180

Why Radians?

 ∠ 's are not Real Numbers and radians are, so with radian measure the trig function has a domain with a Real Number.

What is a Radian?

1 radian is an ∠ Θ that has an arc length, s, equal to the radius of the circle, r, so Θ= s/r

Converting

Because the distance around an entire circle, C= 2πr and C is the arc length of the circle this means the ∠ corresponding to the ∠ swept out by a circle is equivalent to 2π times the radius:

360 = 2π(radius) thus   π=180

So, 1° = π/180 or 1 radian = 180/π

Example: Convert to Radians

a) 
180° 







c)
325° 

b)
-135° 







d)
540° 

Example: Convert to Degrees

a)
11π/12



b)
-7π/6


c)
-2.92

Note: Remember for 3sig dig the nearest 10th of a degree of nearest 10 minutes is correct rounding.  P34

Using your calculator to check:

Deg ► Rad 

1. Set Mode to Radians [2nd][MODE]

2. Enter #  [2nd][APPS] [1]

3. Gives decimal approximation Enter (#)

Rad ► Deg

1. Set Mode to Degree [2nd][MODE]

2. [2nd][APPS] [3] [2nd] [APPS] [4]

Converting between Radian and Degree Measure is extremely important and having a copy of the unit circle broken into equivalent measure is nice.  

SCAN OF UNIT CIRCLE

Note 1: Make all 45° marks by 4ths and make all 30/60 marks by 6ths and count your way around.

Note 2: Think in terms of x-axis and π/6=30°, π/4=45°, and π/3=60° adding and subtracting your way around the circle 2π.

Now, we'll pick up where we left off in Chapter 2.  Convert from radian to degree to see coterminal and reference ∠ 's = 45, 30, 60.

Example: Find each function value.

a)  
cos 5π/6


b)
cot 5π/4


c)
sec 5π/3

§ 3.2 Applications of Radian Measure

Outline

· Arc Length

· s=Θr ; Θ in radians

· Applications

· Distance of globe

· Distance around circular object

· Movement of gears

· Sector Area

· Area = Θr²/2 ; Θ in radians

Arc Length

If Θ= s/r then s=rΘ, if Θ is in radians.  If Θ is in degrees us Θπ/180 for the shift to radians.

Example: A circle has a radius of 25.60cm.  Find the length of an arc intercepted by a central∠ having the following measures.

a) 
7π/8 rad





b)
54°

Note: Watch significant digits!

Applications of arc length can be far reaching from distances around the globe (arc length) to cable or rope around a pulley to gear ratios.  Let's look a one each of the above mentioned examples.

Example: Erie, PA is approximately due north of Columbia, SC.  The latitude of Erie is 42°N and Columbia is 34°N.  Find the distance between the 2 cities.  

1. Draw a picture

2. Find difference in ∠ 's to get ∠ between and convert to radians

3. s = Θr

Note 1: The radius of the Earth is 6400km.

Note 2: Latitude is measured as Method 1 bearing from the center of the Earth and the city is the object.

Example: A cord is wrapped around a top with radius 0.327m and the top is spun through a 132.6° angle.  How much cord will be wound around the top?

1. Draw a picture.

2. Deg ► Rad

3. s = Θr

4. Significant Digits (3!!!!)

Example: Two gears move together so that the smaller gear with radius of 3.6in drives the larger one with a radius of 5.4in.  If the smaller gear rotates through 150°, how many degrees will the larger gear rotate?

1. Draw a picture.

2. s for smaller gear = s for larger gear.

3. Use this relationship to find Θ = s/r 

Area of a Sector of a Circle

Since the area of a circle is πr² and the portion (sector) of a circle makes up Θ/2π then:

Area = (Θ/2π)(πr²) or Θr²/2   (where Θ is in radians)

Example: Find the area of a sector of a circle having radius 15.20ft and a central ∠ of 108.0°.

When solving problem #64 refer back to problems 37-38.  The diameter and arc length are approximately the same when the ∠ Θ is very small.

§ 3.3 The Unit Circle and Circular Function

Outline


no outline given

The Unit Circle and Points on Circle

The function x² + y² = 1 is the algebraic function that describes a circle with radius = 1.

When r = 1 the s = Θ(1) or s = Θ radians, therefore any point on a unit circle (x,y) can be described by    x = cos s and y = sin s.  This is because x/1 = x, s = Θ and y/1 = y, s = Θ.

And from there we can write the 6 trig functions as Circular Functions.

(Box with 6 trig functions)

Note: This is not a change from what we already know since Θ =s and r = 1, sin s = y is equivalent to sin Θ = y/r by substitution.

Now, let's look at the unit circle with (cos s, sin s) values in addition to degree and radian measure.

(Quadrant 1 of the Unit Circle)

And we could continue on it just this way simply changing the signs for the quadrants.

In Appendix D there is a description of the symmetry of the unit circle about both the x and y axis, which goes to highlight facts that we already know such as reference ∠ 's which in this section are reference arcs (shortest arc from the point to the x axis).  We can also use reference arcs to get all the equivalent reference ∠ 's radian measures.

Example: What are the 4 radian measures for 60° based upon the x-axis?

1)
60° in rad

2)
π – 60

3)
π + 60

4)
2π – 60

Example: What are the 4 values of (cos s, sin s) for 60°?  What s in terms.

a) 
(cos 60°, sin 60°)
b)
Think QII
c)
Think QIII
d)
Think QIV

Lial (author) goes into a discussion of the domains of the Circular Functions.  I will summarize them but not give any more detail.  

Sine and Cosine {s|sε Real Number}

Tangent and Secant {s|s  (2n+1)π/2, nεI} (odd multiples of 90°)

Cotangent and Cosecant {s|s nπ} nεI (multiples of 90°)

Evaluating Circular Function (when Θ is in radians)

Each point on the Unit Circle (x,y) can be given by (cos Θ, sin Θ) since 




sin Θ = y/r and r = 1  ►  y = sin Θ




cos Θ = x/r and r= 1  ►  x = cos Θ

Process of Evaluating Circular Function

1. Draw the Unit Circle and position ∠ Θ to determine it's position (you may think in terms of reference ∠ 's and coterminal ∠'s to determine value); referring to Figure 12 on page 119 will give you the (x, y and r) values.  *Note: Unless you have a fantastic memory use Fig 12.

2. Go back to definitions of the 6 trig functions on page 23 to find exact values.  Also, recall quadrant ∠'s on page 25.

Example: Find the exact values of:

a)
sin (-3π)


b)
cos (-3π)


c)
tan (-3π)

(Step 1: Find Coterminal.
Step 2: think 180°)

Example: Find the exact values of each using Fig 12.

a) 
sin 4π/3








b) cos 4π/3

(Step 1: Use Fig 12 or think 4(150)/3 =  Θ in degrees;  then find the coterminal.)

Example: Find the exact value using coterminal ∠'s and Fig 12:

tan (-9π/4)

Example: Find the exact value of sin 11π/6 by using ref ∠'s and degree measure.

(Step 1: Convert to degrees.
Step 2: Reference ∠ with Quadrant
Step 3: Triangle Info)

Of course we can use our calculators to approximate the values of the trig functions.  Just make sure you use RADIAN MODE!!!!!!

Now we're going to put our knowledge together with §2.3 material.  Recall, finding an angle based on sides or the ordered pair values on the unit circle is an inverse trig function.

Finding Approximate Value of s

Inverse function of s 

Example: Find the approximate value of s in the interval [o, π/2] if sin = 0.3210.

Finding Approximate Value of s

1. Refer to unit circle p119 or think to triangles or refer to table p 92.

2. Use range info to determine radian measure based on reference ∠ in Θ.

Example: Find the exact value of s in the interval [3π/2, 2π] of tan s = -√3/3

You should spend some time looking through p 124 & 125.  You may be interested in the connection presented between Chapter 2 and Chapter 3 trig functions.

§ 3.4 Linear and Angular Speed

Linear Speed

Linear Speed = v

Distance = s

Time = t

Use tried and true D = rt to arrive at v = s/t

Linear speed is how fast a point is moving around the circumference of a circle (how fast it's position is changing.  It's important in Calculus.).

Angular Speed

Angular Speed = 

Angle with relation to terminal side and ray OP  = Θ rad

Time = t

 = Θ/t

Angular speed is how fast the angle formed by the movement of point P around the circumference is changing(How fast an angle is formed).

Now we can make some substitutions into these equations based on Section 3.2 and get equivalent statements.

Since s =  Θr we can substitute into v = s/t and find v = rΘ/t  but Θ/t = w so v=rw

Here is a summary of what is needed.  (see pg 130)

	Angular
	Linear

	
	v = s/t

	  = Θ/t
	v =  rΘ/t

	
	v = rw


Note:   in rad/time unit and Θ is in radians.

Example: Suppose that P is on a circle with a radius of 15in and a ray OP is rotated with angular speed π/2 rad/sec.  


a) Find the angle generated by P in 10 second.


b) Find the distance traveled by P along circle in 10 seconds.


c) Find linear speed of P in in/sec.

Now, we'll take this knowledge and apply it to circular things that move like bicycle wheels, fly wheels, pulleys, satellite, and points on the earths surface.  

Example:  Find the linear speed of a point on a fly wheel of radius 7cm if the fly wheel is rotating 90 times per second.  

Example: Find the linear speed of a person riding a ferris wheel in mi/hr whose radius is 25ft if it takes 30 seconds to turn 5π/6 radians.

