§7.1: Oblique Triangles and Law of Sines

Definitions for Triangles

Oblique Triangle:  Any non-right triangle.

Obtuse Triangles:  A triangle with on angle greater than 90°.

Acute Triangles:  A triangle where all angles are less than 90°.

Congruent Triangles:  Two triangles with equal angles and sides are said to be congruent.

Similar Triangles:  Two triangles with equal angles but different length sides.

Congruency Axioms (Methods to establish congruency.)


SAS: Side Angle Side


ASA: Angle Side Angle


SSS: Side Side Side

Note: We will always need at least 1 side to have congruency.
When to use Law of Sines

1. When we know one side and 2 angles.  (SAA and ASA)

2. When two sides and one angle are known.  (SSA and SAS)

Note:  Two sides and a non-included angle creates an ambiguous case which will be discussed in the second section of the chapter.

When to use Law of Cosines

1. When two sides and 1 included angle are known.  (SAS)

2. When three sides are known.  (SSS)

(Note: Refer to page 303 if you're interested in seeing the Law of Sines derived)

Law of Sines



  sin A    =    sin B    =    sin C  

OR

     a      =       b        =       c      

     a                 b                  c




sin A          sin B           sin C 

Where A, B & C are angles in an oblique triangle and a, b & c are the sides opposite the angles.

 Example:
Solve ▲ABC where, A= 28.8°, C= 102.6°, and c= 25.3in.

 Example:
A man wants to measure the distance across the Hudson (B to C).  If he stands at point A, he is 



75.6ft from point C which is on the Hudson River bank.  The angle of BCA is 117.2° and BAC 



is 28.8°.  What is the distance across the river?

Example:
The bearing of a lighthouse from a ship is N52°W.  After sailing 5.8km due S, the bearing from 



the ship to the lighthouse is N23°W.  What is the distance from ship to lighthouse at each 



location?

Area using the Law of Sines

	   A= ½ bc Sin A

	   A= ½ ac Sin B

	   A= ½ ab Sin C


(Note: You must have 2 sides and 1 included angle)

Example:
 Find the area of ▲ABC where, c= 9ft, a= 12ft and B= 127°.

Example:
Find the area of ▲ABC where, B= 52°10', a= 32.5cm and C= 73°30'.

§7.2: The Ambiguous Case of the Law of Sines

Remember the two cases in which the Law of Sines is used:

1. ASA or AAS

2. SSA

Number 2 is the ambiguous case.  Below is chart to help you (based on the information you know about a particular triangle) determine the number of possible triangles.

	Acute Triangles
	Obtuse Triangles

	Number of Triangles
	Applying
	Number of Triangles
	Applying

	0
	Sin B > 1, a < h < b
	0
	Sin B ≥ 1, a ≤ b

	1
	Sin B = 1, a=h and h < b
	1
	0 < sin B < 1, a > b

	1
	0 < sin B < 1, a ≥ b
	
	

	2
	0 < sin B < 1, h < a < b
	
	


Facts to Help

1. In any triangle, the values of sin and between 0 and 1.

2. Sin Θ = Sin (180-Θ).

3. Small angle across from smallest side.


Middle angle across from middle side.


Largest angle across from largest side.

Summary of How to Proceed

1. If Sine of the unknown angle is greater than 1, then that triangle cannot exist.

2. Is Sine of the unknown angle is =1, then exactly 1 triangle exists.  It is a right triangle.

3. If Sine is between 0 and 1, then 1 or 2 exist

· Find the unknown angle for the first triangle.

· Use B2= 180 – B.  If A + B2 < 180 then there is a second triangle.

Example:
 Solve ▲ABC where, a= 17.9cm, c= 13.2cm, C= 75°30'.

Example:
Solve ▲ABC where, A= 61.4°, a= 35.5cm, b= 39.2cm.

Example:
 Solve ▲ABC where, B= 68.7°, a= 19.6cm, b= 25.4cm.

§7.3: The Law of Cosines

Remember the two cases in which the Law of Cosines is used:

1. SAS

2. SSS

Before we can continue a few things must exist.

1. a + b > c

2. a + c > b

3. b + c > a

Law of Cosines


	   b2 = a2 + c2 – 2ac * cos B

	   a2 = b2 + c2 – 2bc * cos A

	   c2 = a2 + b2 – 2ab * cos C



The Law of Cosines is derived on page 319 of Lial’s text if you would like to see the derivation.

Example:
 Two boats leave a harbor at the same times traveling on courses that make and angle of 



82°20' between them.  When the slower has traveled 62.5km, the faster one has traveled 



79.4km.  Whats the distance between the two boats?

Example:
Solve ▲ABC where, B= 73.5°, a= 28.2ft, c=46.7ft.

Example:
Solve ▲ABC where, a= 25.4, b= 42.8, c=59.3.

Example:
Find the value of C in the following roof truss where, a= 11ft, b= 6ft, c=9ft.

Heron's Formula 


	Where: S = ½ (a + b + c)

The Semiperimeter
	A = √S (S  -  a)(S  -  b)(S  -  c)


Example:
The distance as the crow flies from Chicago to Saint Louis is 262mi.  From Saint Louis 



to New Orleans it's 599mi and from New Orleans to Chicago is 834mi.  What is the 



area?

§7.4 Vectors, Operation & the Dot Product
A vector involves 2 measures, one of direction and one of magnitude.  We can represent vector quantities with a directed line segment in which the length represents the magnitude and the angle represents the direction.  Vectors, like line segments, can be written using 2 capital letters or a single lower or upper case letter.  Because vectors are directional, when 2 capitals are used, the 1st represents the initial poin and the 2nd the terminal point.  The magnitude is the absolute of the vector.

Example:











Called:
a  or A or AB or AB








Magnitude written: | AB | = 25







Called:
Negative a, the vector that has the 








same magnitude, but the direction is 








opposite.








–a or –A or –AB








| a | = | –a |

Adding vectors can be thought of as solving the long side of the triangle formed when 2 vectors are placed initial to terminal side or finding the diagonal of a parallelogram formed by placing initial sides together.

Example:
V + U

a)





b)



The difference is found by adding the opposite of a vector.

Example:
V – U






then



therefore,

Finally, we can make some sense of vectors if we put them in our familiar coordinate system.  When a vector is placed with its initial point at the origin it is called a position vector with its endpoint at (a, b).  We write a position vector u, in the following way:





u  =  < a, b >

where a & b are the horizontal and vertical components of the vector, respectively.  The positive angle between the x-axis and the vector is the direction angle.

The Position Vector:

u = < a, b >






The Magnitude of u:
| u | = √a2  +  b2






tan θ =   b  
, a ≠ 0 







  a






a = | u | cos θ
&
b = | u | sin θ

Note:  Since the values of a and b are given as the magnitude times the sine or cosine values, another way of looking at the position vector is < | u | cos θ, | u | sin θ >
Example:
Find the magnitude and direction of u = <-5, 4>

Now, more practice with the horizontal and vertical components.

Example:
If v has | v | = 14.5 and θ = 220°, find the horizontal and vertical 



components of the position vector v
Example:
Write each vector in terms of < a, b >

a)
u     if     | u | = 8  &  θ = 135°


b)
v     if     | v | = 4  &  θ = 270°


c)
w     if     | w | = 10  &  θ = 340°


Now let’s practice adding vectors.  Since we deal with parallelograms when adding and subtracting vectors, you should know the following facts about parallelograms:



1)
A parallelogram is a quadrilateral with 2 sets of parallel sides



2)
Opposites sides and angles are equal



3)
Adjacent angles are supplementary



4)
The diagonals bisect each other, but don’t necessarily bisect the 




angles

Example:
The vectors u & v are initial point to initial point.  If | u | = 32 & | v | = 48 



and the angle between them is 76°, find the magnitude of the resultant 



vector, w.

Using geometry the following properties of operations with vectors can easily be shown.  See page 337 of Lial’s text for further explanation.  The following is a summary of what we need to know.



1)
<a, b> + <c, d>  =  < a + c, b + d>




Add “a” components & add “b” components



2)
k • <a, b> = <k•a, k•b>




Multiplying by a scalar, multiplies each component by the scalar.



3)
If a = <a, b> & –a = <–a, –b> 




then <a, b> – <c, d> = <a, b> + –<c, d> 




= <a, b> + <–c, –d> = <a – c, b – d>




From 1 & 2 above subtraction is the addition of an opposite.

Example:
Let u = <6, -3> and v = <–14, 8>.  Find

a)
u + v


b)
–1/2 v


c)
5u  +  2v
A unit vector has magnitude 1.  We have 2 important unit vectors i & j (not to be confused with the i & j of complex numbers)



i = < 1, 0 >


&

 j = < 0, 1 >

Every vector <a, b> can be expressed in terms of i & j in the following manner:





< a, b >  =  a i + b j
since this means a< 1, 0 > + b< 0, 1 >

which is equivalent to < a, 0 > + < 0, b >

which is equivalent to  < a + 0 , 0 + b > or < a, b >

The unit vector is important in applied sciences such as physics.

Example:
Give the position vector for
4i  +  -7j

Example:
Find
a)  2a

b)
2a  +  3b
c)
b  –  3a
for






A  =  –i  +  2j  &  b  =  i  –  j
Write it in terms of both the position vector and as an expression in terms of i & j
Next, we will study another important application of vectors, the dot product.  This is used to determine the angle between 2 vectors.  It can help solve physics problems and derive geometric theorems.

Dot Product

u • v  =  a • c  +  b • d



The dot product of vectors u & v is found by multiplying their



“a” & “b” components and summing the products.

Properties of Dot Products


1)
u • v = v • u




Dot products are commutative



2)
u • (v + w) = u • v  +  u • w




Dot products are distributive



3)
(u + v) • w = u • w  +  v • w




Dot products are commutative and distributive



4)
(ku) • v = k(u • v) = u • (kv)




Multiplication by a scalar, is associative



5)
0 • u = 0




Multiplication property of zero



6)
u • u = | u |2



Dot product of a vector with itself yields the magnitude squared

The angle between 2 vectors is very important, as we have seen (as in u + v or u – v).  Thus the next interpretation of the dot product is quite nice.  Lial gives on explanation on page 339-340.

Geometric Interpretation of the Dot Product


    When  the angle θ between   u  &  v is in the interval [0, 180°], then





u • v  =  | u | | v | cos θ

Example:
To the nearest 10th of a degree, find the angle between 




u = < 5, –12 >  &  v  =  < 4, 3 >

Example:
Find the angle between the vectors
2i  + j  and  –3i  +  j

One last note before we close.  When 2 vectors are at right angles they are called orthogonal vectors.  The dot product of orthogonal vectors is zero (since the cosine of 90° is zero).

Example:
Find the dot product of u = < 1 , 1 >  &  v  =  < –1 , 1 >.  What does this 



mean?

Example:
Is the following pair of vectors orthogonal?

–4i  +  3j  &  8i  –  6j
Terminal side





A





B





45°





25 mph





B





–a





Initial side





V + U





V + U





U





U





V





V





V





U





–U





–U





V





V – U





(





b





a





u





(a, b)
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