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§2.1 Trigonometric Functions of Acute ngles
Outline

6 Trig F(n)

  Review

Cofunctions (A + B = 90°)

  sin A = cos B

  tan A = cot B

  sec A = csc B

Co-Function Identities

  sin A = cos (90 – A)° or  cos A =  sin (90 – A)°

  tan A = cot (90 – A)°  or cot A = (90 – A)°

  sec A = csc (90 – A)°  or csc A = sec (90 – A)°

X & Y Relationships

  X↑  then  Y↓  or  X↓  then Y↑

30/60/90 Right ∆s

  1:√3:2

45/45/90 Right ∆s

  1:1:√2

Review of 6 Trig F(n)
As I had mentioned in §1.3 if we memorize the opposite/adjacent/hypotenuse terminology along with x/y/r terminology we don’t have to have an angle in standard position to find the 6 trigonometric function values.

Example:
Find the missing side length for a right triangle and give the sin, cos and 



tan values for angle B.

Example:
Find the 6 trigonometric functions for ∠’s D & E in the figure to the right 



and fill in the table on the left.

*Example:
For the last example what, what do you notice about sin D & cos E or 



cos D & sin E, tan D & cot E or cot D & tan E, sec D & csc E or



csc D & sec E?

What you have just observed are cofunctions.  If we draw the triangle we see above we see that opposite ∠D is adjacent ∠E, so sin D = cos E and vice versa.  This is also true for tan and cot since tan = opp/adj.  tan D  =  cot E.  Since this is true of sin and cos, we can show that it holds for the reciprocals of sin and cos – csc and sec (respectively), hence csc D = sec E.  Since the 2 angles that aren’t the right ∠ in a right ∆ are complementary (∠’s sum to 180°, so if one is 90° the other 2 must sum to 90°), this combined with the idea of cofunctions leads to the 6 Cofunction Identities.

6 Cofunction Identities.
sin A = cos (90 – A)° or  cos A =  sin (90 – A)°

tan A = cot (90 – A)°  or cot A = (90 – A)°

sec A = csc (90 – A)°  or csc A = sec (90 – A)°

Example:
Write each function in terms of its cofunction.

a)
sin 9°


b)
cot 76°


c)
csc 45°

The next example plays on the fact that for cofunctions, the sum of their angles is 90°.

Example:
Find one solution for each equation.  Assume all ∠’s are acute. 



(Hint:  A  +  (90  –  A)°  =  90°)

a)
cot (θ  –  8)°  =  tan (4θ  +  13)°
b)
sec (5θ  +  14)°  =  csc (2θ  –  8)°

Later, the following will aid our studies and it will give us a feel for the relationship between the ∠’s and the values of the 6 trig f(n).  Remember, “r” remains constant – it is simply rotated.

Example:
Determine whether the statement is true or false.



(Hint:  Think in ratios; remember big/small is bigger than small/big)
a)
tan 25° < tan 23°

b)
csc 44°  <  csc 40°

There are 2 special right triangeles whose side ratios we will do well to memorize ratios for:


This information should be committed to your memory.  Along with knowledge of coterminal ∠’s, cofunctions and reference angles (the next section) we can find the exact values for the 6 trig f(n) for many angles.

*Example:
Using your knowledge of the 2 triangles above (45/45/90 & 30/60/90) as 



well as the cofunctions, fill in the table below.

	Θ
	sin
	cos
	tan
	cot
	sec
	csc

	30°
	
	
	
	
	
	

	45°
	
	
	
	
	
	

	60°
	
	
	
	
	
	


§2.2 Trigonometric Functions of Non-Acute Angles
Outline

Reference: ∠’s

  Relative to the x-axis

  Give 6 trig f(n) for θ > 90°

    QII: 90 < θ < 180° ( 180 – θ

    QIII: 180 < θ < 270° ( θ – 180

    QIV: 270 < θ < 360° ( 360 – θ

  For  θ < 0° or θ > 360° find coterminal ∠ 1st
  Special Referene ∠ Equalities

    30° = 150° = 210° = 330°

    45° = 135° = 225° = 315° 

    60° = 120° = 240° = 300°

Reference ∠ -- An ∠, θ′, is a positive ∠ less than 90° made by the terminal side of ∠ and the x-axis.


If an angle is < 0° or > 360°, find the least positive coterminal ∠before finding the reference ∠, θ′.

Example:
Find the reference ∠ for each

a)
294°


*b)
193°


c)
883°

Remember our 2 special right ∆’s – the 45/45/90 and the 30/60/90 and how easy it was to find the 6 trig f(n) using these?  Well, in conjunction with reference ∠’s and coterminal ∠’s it makes it very easy to find the 6 trig f(n) for 3 additional ∠’s (in 0 < θ < 360°) and their cotermal ∠’s for 45°, 30° and 60°.

Note:  Watch the signs of the 6 trig f(n) for reference ∠’s.  Remember “All Students Take Calculus”
θ & Equivalent θ’s 





Equivalent Coterminal ∠’s

30° = 150° = 210° = 330°




30 + n•  360,     150 + n•  360









210 + n• 360 & 330 + n•  360

45° = 135° = 225° = 315° 




45 + n•  360,     135 + n•  360









225 + n• 360 & 315 + n•  360

60° = 120° = 240° = 300°




60 + n•  360,     120 + n•  360









240 + n• 360 & 300 + n•  360

Proces for Finding 6 Trig F(n) Values Using Reference ∠’s

Step 1:  If θ < 0° or θ > 360°, find its coterminal ∠ 1st
Step 2:  Find the reference ∠, θ′

Step 3:  Draw appropriate ∆ to help (45/45/90 or 30/60/90)
Step 4:  Use “All Students Take Calculus” to make the signs correct

Example:
Find the 6 trig f(n) values of 135°

*Example:
Give another ∠, for which the values for all 6 trig f(n) are exactly the 



same as 135°

*Example:
Refering to the last 2 examples – Give another ∠, for which the values 



of sin, cos, sec & csc are the negative of those for 135°, but for which the 



tan & cot are positive



[Hint: “All Students Take Calculus”]

Example:
Find the exact (remember this means not using your calculator to approximate) for:

a)
sin (-150°)





b)
cot 780°

c)
sin 585°





d)
cot (-930°)

The next exercises are going to continue to practice these concept.  You should know that sin2 45° = (√2/2)2 = 2/4 = 1/2.  Also remember that cos2 45°  =  1  –  sin2 45°.

Example:
Evaluate sin2 45°  +  3cos 135°  –  2tan 225°

Now let’s work backward.  This will prepare us for the next section’s discussion about sin-1 A = θ.  This notation means that we are finding the ∠θ for which we get the sin value = A.  In this setion we’ll do this by working on our knowledge of the 45/45/90 and 30/60/90 right triangles and the values of the 6 trig f(n) in QI-QIV.

Example:
Find all values of θ in the given interval that satisfy each

a)
[0°, 360°); sin θ = -√3/2

b)
(180°, 360°); tan θ = 1

§2.3 Finding Trigonometric Functions with a Calculator
Outline

Using Your Calculator

  1/sin  ≠ sin-1
    reciprocal vs find θ to give value

  Use Degree Mode

    MODE➜DEG
  Gives 0° < θ < 90°

    Use Quadrant Info for signs

      “All Students Take Calculus”

Applications

  Physics

    Force =  Weight • sin θ

    Radar Reading = Actual •cos θ

Anly  a brief amount of class time will be devoted to this section.  You’ll need to do most of this on your own.


· The Left Side:  The reciprocal of the sin means find the value of the sin and then take the reciprocal of that value.

· The Right Side:  The inverse sine means finding the value of θ which gives the value indicated.

Note:  Don’t forget values are in degrees, so make sure your calculator is in DEG mode and always convert minutes and seconds to decimal representations (see §1.2 for review)
Example:
Approximate the value of each expression 



(rounding to 6 decimal places is good enough).

a)
tan 68° 43′





b)
cos 193.622°

c)
csc 35.8471°





d)
sec (-287°)

Note:  There are only sin, cos and tan keys on your calculator, hence you need identities to solve.  Review p. 30&31 and 34&35.

I’d also like to look at 2 problems that use our cofunction identities from page 51.

Example:
Approximate the value of each expression.

a)
cot (90 – 4.72)°




b)
           1           











 tan (90° – 22°)

Now, let’s use that inverse key (make sure you are in DEG mode).

Example:
Use your calculator to find θ in [0°, 90°] that satisfies:

a)
cos θ ≈ 0.9211854056




b)
cot θ ≈ 1.4466474

Now let’s try a couple of application problems from Physics.

#1 – The Forces Required to move an Object along an incline θ






F = Force


F = W • sin θ


W =  Weight of the object






θ = ∠of incline with the ground (can be negative)
Example:
Calculate F to the nearest 10 pounds for a 5500 pound car traveling an 



uphill grade of θ = 3.9°.

#2 – Radar Gun Reading of a Car at ∠ with given Actual Speed 






R = Radar Reading


R = A • cos θ


A = Actual Car Speed






θ = ∠at which the radar gun is pointed
Example:
I’m headed down the freeway at 72 mph and the cop sitting on the off-



ramp at 20°∠to my heading clocks my speed.  What does his radar show 



him?  



Why do you suppose cops tell you that 5-7 mph over the speed limit will 



not yield a ticket? 



[Hint:  Calculate for 70 mph, change  θ to 10 and to 30 and recalculate.  How exact are 



speedometers and the supposition of ∠?]
§2.4 Solving Right Triangles
Outline

Significant Digits

  Exact, Calculated, Theoretical

  Rounding (Table p. 74)

    Within 1 “unit”

Solving ∆’s

  For ∠’s when sides known
    Pythagorean Thm to find sides missing

    Inverse trig f(n) of ratio

  For sides when ∠’s known

    Trig f(n) = ratio, solve for missing

Significant Digits are the digits obtained by actual measure.  Calculations will yield more digits.

*Example:
If the room is measured as 15.5’ x 12.5’ and you calculate the area your 



will get 193.75 sq. ft., however, we would only want the answer as 193.8 



sq. ft. b/c that’s all the accuracy we started with.

Now, that leads to another point.  If we round 193.75 to 193.8 we could have gotten this same number by rounding up or down.  Any number from 193.75 to 193.84 could have been rounded to 193.8.  From a different perspective:


Whatever the exact measure is, minus the theoretical or measured 


will be in a one unit (the next place value to the right) range about the


theoretical or measured value.

*Example:
The contractor measures the board to be 11.75’ long.  The board could 



actually have been ________ to ___________.

This brings up another point.  When measuring no one is completely accurate, so measures made by humans are not really exact, just as calculations result in theoretical values.  In trig we’ll need the table on p. 74 to round our theoretical angle values accurately.  To use this table we need to discuss significant digits.  Significant digits are digits obtained by actual measurement.

*Example:
11.75’ has 4 significant digits
*Example:
From our first example 15.5’ x 12.5’, each measurement only has 3 



significant digits, so the answer should also have only 3 significant digits




193.75’ ≈ 194’

Note 1:  If one measure were 4 and the other 3 signifciant digits, then round to 3 significant digits as the calculated value should never have more strength than its weakest measurement.

A good way to show significant digits is with scientific notation, which shows the number of significant digits w/ its first factor.

*Example:
Write in standard form and identify the number of significant digits

a)
4.08 x 102
b)
2.15 x 101
c)
1.800 x 101
d)
6.700 x 100
e)
2.5 x10-3
f)
9.810 x 10-1
g)
7.300 x 103
Solving Right ∆’s

Solving When 1 side & 1 angle known
Step 1:
     Sketch & decide on trig f(n) that fits scenario

Step 2:     Solve for the other angle if asked – (90 – ∠

Step 3:     Set up trig def. w/ known ∠ & side & unknown
Step 4:     Solve equation in step 2

Step 5:     Round using significant digits

Example:
Solve the right triangle ABC if B = 28° 40′ and a = 25.3cm

Solving When 2 Sides Known
Step 1:
     Sketch & decide on trig f(n) that fits scenario

Step 2:     Solve for the other side if asked (Pythagorean Thm)

Step 3:     Set up trig def w/ 2 sides

Step 4:     Solve using inverse sin/cos/tan of the ratio in step 3

Step 5:     Round using significant digits

Example:
Solve the right triangle ABC if a = 44.25cm and b = 55.87 cm

Angles of Elevation/Depression
The anle from line of sight (parallel to the horizon line) to the object.  This is never greater than 90°.


To figure out ∠’s of depression, it may help to look at the following diagram:


The angle of depression from Y to X is the same as the angle of elevation from X to Y, since they are alternate interior angles!

Example:
The angle of depression from the top of a tree to a point on the ground 



15.5 m from the base of the tree is 60.4°.  Find the height of the tree.

Example:
The length of a shadow of a flagpole 55.2 ft. tall is 27.65 ft.  Find the 



angle of elevation of the sun.

Note:  Don’t forget to watch the number of significant digits.  This problem has 3 and 4 significant digits in it!


§2.5 Further Applications of Right Triangles
Outline

Bearing

  Method 1 – Single (
Clockwise from North

  Method 2 – Acute ( N or S

    Uses E&W from N or S

Application Problems

  Draw a Picture

  Algebra Method – 2 equations & 2 unknowns

    Solve each eq. for unknown of desire

    Set equal & solve for undesired variable

    Use to solve for unknown

  Calculator Method – Not to be used on quizzes or tests

    See Exercise 24

      y = tan θ (x  –  a) where (a, 0) is a point on the line

Bearing is a navigation technique.  There are 2 methods of bearing.  The naming of the methods is only dependent upon the books’ naming of them.  I am supplementing the numbering with a description.

Method #1 – Single ( from North
1)  Clockwise rotation

2)  Starting position is North (this is 90º wrt our standard position)

*Example:
Find the bearing of an airplane with respect to an observer placed at the 



origin.



[Hint:  Use your knowledge of quadrant angles & 45/45/90 & 30/60/90 triangles]
a)
(1, 1)


b)
(0, -4)


c)
(-√3, -1)

Next, we’ll use this technique to solve problems involving bearing.  They will involve 2 bearings and their intersection, which will create a triangle (we’ll check in each case, but all will create right triangles).  Then the methods developed in §2.4 will be used to solve our problems.

Process for Solving Application Problems Involving Bearing
Step 1:  Draw a diagram including both bearings locating North & bearing for both

Step 2:  Find ( for each bering made w/ perpendicular line to North

Step 3:  Make sure bearings are complementary so it is known that lines intersect at right 


  (’s

Step 4:  Use known or calculated distances to find the desired unknowns 


  (see methods in §2.4)

Step 5:  Round answer(s) to correct significant digits

Example:
Radar station A & B are on an east-west line, 8.6 km apart.  Station A 



detects a plane at C, on a bearing of 53º.  Station B simultaneously detects 



the same plane on a bearing of 323º.  Find the distance from B to C.
Step 1:
  Draw a diagram

Step 2:  Find ( formed with E/W line and bearing from A.

Step 3:  Find ( formed with E/W line and bearing from B

Step 4:  Check that the bearing lines with the E/W line form a right triangle.

Step 5:  See that 1 angle and 1 side are known & use §2.4 to find BC

Step 6:  Round to ____ significant digits

Method #2 – Acute ( from N or S
Point of reference is either N or S

Acute ( measured from point of reference

Direction indicated as toward E or W

*Example:
Use the 2nd method to give the bearings for an airplane with respect to an 



observer placed at the origin.

a)
(3, 0)

b)
(1, 1)

c)
(0, -4)

d)
(-√3, -1)

Now, we’ll use the 2nd method for finding bearing in an application problem.  I can’t stress the importance of drawing a picture enough!!

Example:
The bearing from A to C is N64ºW.  The bearing from A to B is S82ºW.  



The bearing from B to C is N26ºE.  A plane flying at 350 mph takes 1.8 



hours to go from A to B.  Find the distances from B to C.

Step 1:  Find (A

Step 2:  Establish ∆ABC to be a right triangle

Step 3:  Find D = R•T, which is AB’s length

Step 4:  Use information from §2.4 and the angle & side length to solve

Step 5:  Round to _____ significant digits.

The next application problem we’re going to cover is an angle of elevation problem like those we 1st encountered in §2.4.

Example:
Mark needs to find the height of his office building.  From point A on the 



ground, he finds the angle of elevation to the top of his building to be 



74.2º.  He walks back 35ft and from this 2nd point, B, he finds the angle of 



elevation to be 51.8º.  Find the height of the building.

Step 1:  Draw a picture

Step 2:  Let building height = h & Mark’s 1st Distance = x

Step 3:  Set up two equations using your knowledge of §2.4

Step 4:  Solve both equations for Mark’s 1st Distance, x

Step 5:  Set equations in Step 4 equal to one another and solve for h.

Step 6:  Round to _____ significant digits.

Now, let’s use a calculator to arrive at this same answer.  Note that this is not an acceptable way to solve this problem on quizzes or tests.  The point of this class is to learn to do these problems using your knowledge of trigonometry and algebra, not to see if you can push buttons on a calculator.  I am showing you this additional information for use later in your math/science career and to increase your knowledge of how to use your calculator.

Step 1:  Consider the ground to be the x-axis, and 


  a)  Mark’s first position to be the origin (0, 0) and 


  b)  Mark’s 2nd  position to be (-35, 0)


  c)  Use Exercise 24 from §2.5 [y = tan θ(x – a)] to write 2 equations


Step 2:  Use the 
y = 
to enter in the two equations just created.

Step 3:  Use the 
GRAPH
 to graph the two functions


Step 4:  Use
2nd
CALC
     5
and return 4 times to get to intersection

This will give you the (x, y) coordinate of the intersection point.  


The x is the distance of the building from Mark’s first position.  


The y is the height of the building.  It is the y that you are interested in.

Step 5:  If you want to see the graph in your viewing window we will take our cues from 


  the far left x-value (the -35 that is farthest left), the far right x-value (the distance 


  of the building from Mark’s original position),  the lowest y-value (use 5 below 

  
  to origin) and the highest y-value (the height of the building, or 5 higher).


  WINDOW and enter -35, 25, 5, -5, 75, 5, 5 in the fields given and GRAPH
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r = ( x2  +  y2   (Pythagorean Theorem)
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