Chapter 8: Roots and Radicals
§ 8.1 Introduction to Radicals


The square root “undoes” a square.  It gives us the base when the exponent is 2!
Example:
(4  (  (?)2  =  4

The ? is the square root of 4.  It is the base 

that when raised to the second power will yield the radicand 4.

Terms to Know:


(
-
Radical Sign

(4
-
The 4 is called the radicand

(4
-
The entire thing is called a radical expression (or just radical)

A square root has both a positive and a negative root.  The positive square root is called the principle square root and when we think of the square root this is generally the root that we think about, but both a positive and negative square root exist.  Your book, when it asks for the square root of a number is asking for the principle square root, but I think that it is best if you put yourself in the habit of thinking of both the positive and negative roots to a square root!
Good Idea to Memorize

12  =  1;  22  =  4;  32  =  9;  42  =  16;  52  =  25;  62  =  36;  72  =  49;  82  =  64;  92  =  81;  102  =  100;  112  =  121;  122  =  144;  132  =  169;  142  =  196;  152  =  225;  162  =  256;  252  =  625

Note:  There is no real number that is the square root of a negative number, and so your answer to such a question at this time would be: not a real number.
Example:
Find the root of the following.

a)
(256


b)
((144


c)
((625

Note for c):  The negative square root has a solution that is a real number, but the square root of a negative does not!
d)
(1/16


e)
(4/9


f)
(0

There also other roots and these are shown with the radical sign and an index.  The index is a superscript number written just outside and to the left of the radical sign.  The index does not appear in the square root because it is assumed to be 2 (the square root) if nothing is written.
More to Know

3(
:
This is the cube root;  3 is the index

4(
:
This is the 4th root;  4  is the index
The cube root “undoes” a cube.  The fourth root gives us the number that when raised to the fourth power will give us the radicand.  A good way to think of the 4th power is the square of the square!!  Or to undo it the square root of the square root.
Good to Memorize Too
13  =  1;  23  =  8;  33  =  27;  43  =  64;  53  =  125

Note:  The cube root or any odd indexed root can have the a real solution when the radicand is negative, since a negative times a negative times a negative, etc., is a negative number.  Whenever the index is even, it is not possible to have a real number solution to a negative radicand!
Example:
Find the cube roots of the following:

a)
3(8


b)
3((1/125


c)
(3((27

Note:  Your book fully expects you to know that 25=32!!!

Example:
4(256

Note:  It may be helpful to think of the 4th root as the square root of the square root, since you can easily do the square root of 256 and then you can again take the square root of that answer.  All indexes can be broken down in this way by thinking of the product of the indexes (using the exponent rule for raising a power to a power).  The sixth root could be thought of as taking the square root and then the cube root or vice versa depending upon which will get you better results!  This is a legal operation, because roots can be written as exponents that are the index’s reciprocal, and the radicand is the base.
Example:
4((16

Recall:  If the index is even there is no real solution when the radicand is negative!
Let’s discuss a topic from §8.7 now in conjunction with this topic.

Radicals can be rewritten as rational exponents and simplified using prime factorization& the following definition of rational exponents.

Rational Exponents

n(a  =  (a)

Let’s look at how that can help us with the 4th root of 256.  Once you have used prime factorization, you can see the problem as being asked in the following manner:  

(2? )4  =  28
Not a Perfect Square (Cube, etc.)
When the radicand is not a perfect square, perfect cube, etc., our book suggests that we use an approximation to the irrational number at this time.  The best way to find an approximation is to use your calculator!  If you do not have a calculator then the best that you can do is to give an approximate value for the actual value by looking at the 2 perfect squares which bracket the answer or by using a table such as the one found on p. 626 in Appendix F of Martin-Gay’s book.
Example:

(8

Note:  We have shown how you could do an approximation without a calculator, but the best way to get an answer is to use your calculator!
Variables Under Radicals
We can also have variables under the radial sign.  They are no different than numbers.  We will always assume that they represent positive numbers.

In order to make it easier to deal with higher powered variables, it may be convenient for you to get in the habit of rewriting an exponent as an exponent raised to the desired power (same as the index).  You do this by dividing your current exponent by the index.  If it is not evenly divisible then you take out one factor and divide what is left.  Let’s practice this skill.
Example:
Rewrite the following so that it is a base raised to the second power.

a)
x8


b)
a6



c)
z5
Example:
Rewrite the following so that it is a base raised to the third power.

a)
x6


b)
a9



c)
z4
Now we can move on to the real problems.  Just remember what you learned above.  The same concept can be used for numbers!!

Example:
Find the root.

a)
(49a2


b)
3((64a9b3


c)
4(16a8c16
Note:  Problems 89 and 90 on page 510 are worth a glance at least.  The two problems show graphs that you will be expected to graph in intermediate algebra (after instruction of course).  The first, 89, the graph of a square root function is ½ of a parabola.  Why do you think that is so?  Did you guess that it is because a square root can never have a negative radicand?  The second, 90, is the graph of a cube root function.  This graph will look similar to an S that is straightened out at its center. Problems 91-94 are also worth looking because they discuss the root of a squared variable expression and its relation to an absolute value.
§ 8.2 Simplifying Radicals
This is the section where we learn what to do with the square root of a number that is not a perfect square (or the cube root that is not a perfect cube, etc.).  Instead of saying it is approximately such and such, we will give a much more satisfying answer in terms of a whole number multiplied by a radical.  This will allow us to do many things with radicals!

A radical is considered to be in simplified form when as much as possible has been removed from under the radical sign.  There are 2 properties which will be used to achieve this.  I will give them in terms of the square root, but you must understand that they extend in concept to any higher indexed radical as well, even though I will not explicitly state those extensions.
Product Rule of Square Roots (or any root)

(xy  =  (x ( (y


x,y ( ( ( (
Quotient Rule of Square Roots (or any root)

(x/y  ( (x ( (y



x ( ( ( (  and y ( ( ( (
Remember that a denominator can’t be equal to zero or the problem is undefined!
We will be using the product rule by rewriting radicands into products, where one factor is a perfect square (or cube, or whatever the index).  Here again is a place where it is quite helpful to know your multiplication tables quite thoroughly!!

Steps in Simplifying a Radical Using Product Rule
Step 1:

Find the largest perfect square that is a factor (or cube, etc.), and rewrite the 
radicand as a product.  Or factor into primes and divide exponents by 
index – the whole number is the number of factors that come out and the 
remainder is the number of factors that stay under the radical.
Step 2:

Use the product rule to rewrite the radical. If you used the primes you are 

grouping into those to the perfect square vs. those not (see notes above on p. 3)
Step 3:

Simplify to a number (the root of the perfect) multiplied by the radical of the 
other factor.

Example:
Simplify  

a)
(8


b)
3((54


c)
(16x3
Note:  We used the same principle that we went over in the first section for rewriting variables.  You may want to review that short section at this time.
To HereSteps for Simplifying Radicals Using the Quotient Rule
1.  Use the quotient rule to separate the problem into a numerator and a 

     denominator.

2.  Follow the steps for the product rule on both the numerator and the 

     denominator.

3.  Cancel if necessary, to further simplify.

4.  Although it will not come up in this section, there is another step that is called 

     rationalizing the denominator.  This must occur when the denominator still 

     contains a radical.  Having a radical in the denominator is not considered 

     simplified!!  We will learn how to deal with this case in section 4.
Example:
Simplify
3(15/64
Note:  The numerator did not factor into any numbers that were perfect cubes so we do not bother factoring it!
Example:
Simplify
((9x/y2
§8.3  Adding and Subtracting Radicals
In order to add or subtract radicals, we must have them in simplified terms, so that we can see which radicals are like radicals.  Like radicals are radicals, which have the same index, and the same radicand.  We will treat like radicals just as we did a variable!  When the radicals are alike all we need to is add or subtract the numbers which are multiplied by the radical!

Steps for Adding/Subtracting Radicals
1.  Simplify the radical using methods from section 2

2.  Combine like radicals (think of the radical like a variable)

Example:
Add

3(2  +  2(2

Example:
Subtract
2(7  (  10(7

Example:
Add

5(8  +  3(50

Note:  This is a little more difficult than the first 2 examples, but if we use our knowledge from section 2, that all radicals must be simplified, then it is not difficult.
Example:
Subtract
29(14  (  7(28

Example:
Add

33(2  +  2​3(54

Example:
Add

(27  +  2(12  +  3

Example:
Subtract
14(13  (  (13

Example:
Subtract
6(44x3y3  (  8x(99xy3  (  6y(176x3y

Example:
Subtract
(8/x2  (  (2/x2
§8.4 Multiplying and Dividing Radicals
Remember that the simplified form of a radical is the form for which as much as possible has been removed from under the radical sign – only irrational numbers will remain.  There are 2 properties that are used to achieve this:
Product Rule of Radicals

n(xy  =  n(x  (  n(y

x & y  (  (  (  0

Quotient Rule of Radicals

n(x/y  =  n(x    


x ( (  (  0  &  y  (  (  (   0



  n(y
Note:  These are the same rules found in section 2, but extended to any higher indexed radicals.  But we already knew this.
Along with the product and the quotient rule, we need to know how to do a third thing, which involves a property that your book does not discuss, but implies.  This property states an obvious fact, but one that may need to be stated.

Property #3 (Expansion Property)

(a  (  (a  =  ((a)2  =  a  or in general  n(a  (  n( a  (((  n(a  =  ((a)n  =  a

Now let’s practice simplifying products and quotients of radicals.
Steps for Simplifying Products/Quotients of Radicals
Step 1:     Pull everything under one radical

Step 2:     Simplify under the radical using multiplying, canceling, and exponent rules

Step 3:     Simplify the radical using principles from §8.2


Example:
Simplify the product/quotients of radicals.


a)
√5  ((  √20

b)
(√5)2


c)
   √25xy3  












    √5y


d)
√3(√3  +  5)

e)
√5x(2√x  +  √5)
f)
  √96  












   √8

Next we will learn how to simplify a radical expression that leaves a radical in the denominator.  Having a radical in the denominator is considered to be unsimplified and to remove it is called rationalizing a denominator.  We will use Expansion Property and the Fundamental Theorem of Fractions to remove radicals from the denominator of a radical expression.  

Steps to Simplifying a Radical Expression
Step 1:  Remove all perfect squares, cubes etc. from beneath the radical sign(s) [using the product rule]
Step 2:  Remove all fractions from the radical sign(s) [using the quotient rule]
Step 3:  Remove radicals from the denominator by rationalizing the expression

Let’s practice rationalizing 1st and then we’ll get to the simplifying.

Example:
Rationalize

a)
1/(5


b)
1 / 3(7


c)
1  (  (y5
O.K.,  now let’s practice the real thing.

Example:
Simplify

a)
(18/5


b)
3(9x3   (  3(64y

c)
3(2/9
The final discussion your book has in this section is the discussion of a conjugate.  The conjugate allows us to remove a sum or difference containing a radical from the denominator.  Conjugates are binomial expressions that have the same “a” term and the same “b” term, but differing signs between them.  The idea of rationalizing with conjugates uses the fact that:     (a  +  b)(a  (  b)  =  a2  (  b2.

Example:
Rationalize
1  (  (3  ​(  (2)

Example:
Simplify
(5  +  (2)  (  ((2  (  3)

Example:
Simplify
(2(3  +  15)  (  ((8  +  (3)




1/n
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