Ch. 7 Rational Expressions

§7.1 Reducing Rational Expressions to Lowest Terms (Simplifying)
Outline

Review

     Rational Numbers – {a/b | a and b are integers, b( 0}

     Multiplying a rational number by a fraction of 1 doesn’t change the rational number


i.e.  Fractions multiplied by a/a  are equivalent fractions

Rational Expressions – {P/Q | P & Q are polynomials, Q ( 0}

     Properties – Just as in any fraction when the numerator & denominator are multiplied(divided) by the 

      same #, it results in an equivalent statement

     Restrictions – Because the denominator can’t equal zero we must find the zeros for the denominator 

       polynomial, and these are called the restriction


How – Set denominator = 0 and solve for variable (using quadratic or linear equation skills)

     Reducing –  Just as with any fraction we will be using canceling of like terms  (i.e. division, which is a 

      property that is valid to use with rational expressions)


How – Factor the numerator and denominator and cancel like terms (i.e. constants or 

           polynomials)

     Evaluation – Caution in evaluating the simplified form of a rational expression, pay attention to 

            Restrictions
We have covered some of these topics in Ch. 6 as an application of factoring, which is what we are doing—applying our factoring skills.  However, we didn’t have the skills to find where rational expressions’ restrictions (where they’re undefined, their zeros, their domains) until we had completed chapter 6.

Recall that a rational number is a quotient of integers.  A rational expression is a quotient of polynomials, such as:




  P 
where Q(0 and P and Q are polynomials




 Q

A rational expression can be evaluated just as any polynomial, except that a rational expression can be undefined when the denominator is equal to zero.
Example:  
Evaluate

 x2  (  3 
when x  =  5






 x  +  9


Example:
Evaluate 
     x2  (  3      
when x  =  -9




    

     x  +  9

Note:  See that this yields a value of undefined.  This is because x does not belong to the domain of this rational expression.  Another way to put this is that x = -9 is a restriction.
The numbers for which a rational expression is undefined are called the restrictions of the rational expression.  In order to find the restrictions we must find the points that the rational expression’s denominator is equal to zero.  We do this by creating a quadratic equation in standard form with the denominator and using the zero factor property (factor the equation and set the factors equal to zero) to find the roots or solve the resulting linear equation using the addition and multiplication properties of equality as in chapter 2.  The roots are the restrictions of the rational expression.
Finding the Restrictions of a Rational Expression
Step 1:  Set the denominator equal to zero

Step 2:  a)  Solve the resulting quadratic equation using the zero factor property


  b)  Solve the resulting linear equation by applying the addition and 

       multiplication properties of equality.

Step 3:  The restrictions are the roots of the quadratic solved in step 2 or the solution to 

  the linear equation in step 2.  Write them as x ( ____.

Example:
For what number(s) are each of the following undefined?


a)
  x2  +  2x  +  1  


b)
        x2  (  3      
      
       x  +  1




  x2  (  3x  (  10

Example:
Are there any zeros for 
      x2  +   3x  (  10      
?







           

 x2   +  5

Recall that



 -a   =   a   =   _   a   when b(0



  b
-b
    b

This is also true of polynomials.  My suggestion is to simply pull any negative signs out and consider the entire expression as either a positive or negative expression.


Example:
   - ( x  +  3 )     =    _          x  +  3      





  x2  (  3x  +  2
             x2  (  3x  +  2  

Just as when dealing with fractions, if the numerator and denominator are multiplied by the same thing the resulting expression is equivalent.  This is called the Fundamental Principle of Rational Expressions, when we are discussing a fraction of polynomials (a rational expression).

 P(R   =   P 

if P, Q  and R  are polynomials and

 Q(R
     Q

Q&R(0

Concept Example:

 15   =   3  (  5   =   3 






 

 35
   7  (  5
7

In order to simplify rational expressions we will use the Fundamental Principle of Rational Expressions just as we used the Fundamental Principle of Fractions to simplify fractions.

Simplifying a Rational Expression
Step 1:  Find the any restrictions on the rational expression (as above)
Step 2:  Factor the numerator and the denominator completely

Step 3:  Cancel common factors

Step 4:  Rewrite

Concept Example:
Simplify
 15xy 








  35x

Note:  Another way of applying this principle is division!
Example:
Find the restrictions and then simplify.



a)
     x2    



b)
        x  +  5       



x2 +  2x




x2  +  2x  (  15


c)
   x2  (  x  (  2  


d)
 - x  +  y  




x2  +  5x  (  14 



  x  (  y


e)
    x  (  2     




    x2  (  4



Example:
Why is it when we evaluate     x  (  2      and        1     ,






  
            x2  (  4

    x  + 2




for x = 2, we don’t get the same number, although we 

know that they are equivalent expressions (see last example)?

Your Turn §7.1
1.
Simplify each of the following.  Don’t forget to name the restrictions.
      
a)
       x2  +  4         



b)
  - x2  (  3x  (  2  


  x2  (  5x  (  14




     x2  (  x  (  2

c)
  6x2  +  9xy  (  2xy  (  3y2  



    2x2  (  2x  +  3y  (  3y2
§7.2 Multiplying and Division of Rational Expressions
Outline

Multiplying (Dividing—Mult. by reciprocal) Rational Expressions

     Just like fractions

    How –
1) Simplify numerator & denominators using factoring

      

2) Cancel like terms



3) Multiply numerators



4) Multiply denominators

Multiplying rational expressions is just like the 1st process that you learned for multiplying fractions.  
Multiplying Fractions
1)  Factor the numerator and denominator into their prime factors  
2)  Cancel like terms  
3)  Multiply numerators  
4)  Multiply denominators  (Remember that if it is a whole number to place it over one)

Concept Example:  
 2   (   3   =   2   (         3         =    1  







 
 3        8        3       2 (  2  (  2       4



Concept Example:
21  (    7    =    3 ( 7    (         7       =    49  


                                                              30              1          2 ( 3 ( 5        10

Note:  With fractions we would have had one final step – to convert this to a mixed number, but this does not apply to rational expressions, so this is where our concept example ends.

Multiplying Rational Expressions
Step 1:  Factor numerators and denominators completely

Step 2:  Cancel if possible

Step 3:  Multiply numerators 

Step 4:  Multiply denominators

Example:
Multiply 


a)
      x  +  2       (     x  +  1  

b)
          x2             (     x  +  1   



x2  +  7x  +  6        x3  +  8


  x2  +  2x  +  1        x2  (  x

c)
x2  (  25 ((           x  (  1        
 
d)
            x             (   (x  +  1)(2x  (  3)

      

        2x2  (  11x  +  5    

  3  +  x  (  2x2
Just like multiplication, division of rational expressions takes its cue from fractions.  We multiply by the reciprocal of the divisor and then follow the steps from above for multiplication.

Concept Example:

 1   (   2   =   1   (   3   =   3 








 2
 3
 2
 2
4

Dividing Rational Expressions
Step 1:  Take the reciprocal of the divisor (that’s the 2nd expression).

Step 2:  Multiply the dividend (that’s the 1st expression) and the reciprocal of the divisor.

Example:
Divide each of the following.
a)
      x  +  1        (        3x2  (  3    



            2x2  (  x  +  1        x2  (  3x  +  2

b)
     4x2  (  16        (        8x2  (  32    




        x  +  1       
 x2  +  9x  +  8


c)
  2x2  (  4xy  (  xy  +  2y2    (    2x2  +  xy  (  y2  




             5y  +  35

     y2  +  6y  (  7
Your Turn §7.2
1.
Multiply.

a)
   x2  (  5x  (  14         (     x2  (  8x  +  7  






x2  (  1        

  x2  +  x  (  2


b)
  15x2  (  25x  (  3x  +  5    (         5x2  (  20       




           5(5  (  3x)

 2  (  9x  (  5x2
2.
Divide.

a)
     x2  +  8        (         x3  (  10     




    x2  (  16             x2  (  9x  +  20


b)
    6x2  (  3x  (  3      (      3(x  (  1)    




   9x2  +  12x  +  4            10  (  15x


c)
    5x2  (  x  +  5      (        5x  (  1       




   5x2  (  6x  +  1
       x2  (  2x  +  1

§7.3 Adding and Subtracting Rational Expressions & LCD
Outline

Adding/Subtracting w/ Common Denominators

     Add/Subtract Numerators being cautious to distribute subtraction

     Factor and cancel just as with fractions

Finding LCD’s

     LCD –  Product of primes (this time a prime is considered a factor as well as a prime number)

Building Higher Terms

  Find LCD

  Multiply numerator by missing factor(s) in the denominator

This section we have also supplemented in Chapter 6, so we will be reviewing quickly.  As in the last section we will be taking our cues for adding/subtracting rational expressions from fractions.  We will add or subtract the numerators when we have a common denominator.  We do have to be cautious because when subtracting it is the entire numerator that's subtracted, so we must use the distributive property to subtract.

Concept Example:
Add or subtract

a)
  7   (    3    =    4  





 15
  15
    15




b)
  7    +    5  
  =    12    =        2  (  2  (  3        =    3  





 16        16            16          2  (  2  (  2  (  2          4

Adding/Subtracting Rational Expressions w/ Like Denominators
Step 1:  Make sure that numerators are in expanded form and denominators are factored.

Step 2:  Distribute the subtraction if subtracting.

Step 3:  Add the numerators by combining like terms.

Step 4:  Factor the resulting numerator and the denominator if that was not done in 1st 

  step.

Step 5:  Cancel like terms and rewrite.

Example:
Add or Subtract
a)
  5    +    -3  


b)
 2x  +  5   (   x  (  5     



 y           y

  
 
 y  +  2         y  +  2

c)
     2       (       y       
 
d)
  x2  +  1    +        2x      



y  (  2        y  (  2


  x  +  1           x  +  1

Note: We always need to factor the numerator and denominator in order to reduce and also for our next application of finding a common denominator.

e)
  ( x  (  1)2    +       2x      




    x  +  1              x  +  1

Finding the LCD of a rational expression is the same as finding the LCD of fractions.  We just need to remember that a polynomial must first be factored.  Each factor that isn't a constant is considered like a prime number.

Concept Example:
Find the LCD of 
  2    ,     7  









 15
36

Note:  The LCD of 15 = 3 ( 5 and 36 = 22 ( 32  is 180 = 22 ( 32 ( 5, which is the highest power of each unique factor.

Finding the LCD for Rational Expressions
Step 1:  Factor the denominators (equivalent to factoring into primes for fractions)  [Don’t forget 

  that numbers still need to be factored into their primes!]
Step 2:  A unique factor to the highest power is always a factor in the LCD, so find the 

  highest power of every unique factor and multiply them.

Example:
Find the LCD of 

a)
 1   ,    2x  +  5  

b)
       x  +  2        ,    x  +  1  




 x
x(x  +  5) 


 x2  +  3x  +  2        x  +  2

Next, we need to build a higher term so that we can add and subtract rational expressions with unlike denominators.  Again our cues are taken from fractions

Concept Example:
Build the higher term 
  2    ,    7  








 
15
36

1)  LCD was 180 = 22 ( 32 ( 5
2)  180  (  15 =



180  (  36  =

 or
3 ( 5 ( ? = 22 ( 32 ( 5


22 ( 32 ( ?  =  22 ( 32 ( 5

3)    2  (              =         


  7    (             =          


      15

        180


 36

     180

Building A Higher Term
Step 1:  Find LCD

Step 2:  Divide denominator by LCD (or ask yourself, “What multiplied by the current 

  denominator will give the LCD?”  Or, “What is the factor(s) that are missing?)

Step 3:  Multiply numerator by quotient from step 2.

Example:
Build the higher term 


a)
 1   ,    2x  +  5  

b)
       x  +  2        ,    x  +  1  



x
x(x  +  5) 


 x2  +  3x  +  2        x  +  2


Recall:  LCD was
  x(x  +  5) 

Recall: LCD was (x + 2)(x + 1)

Your Turn §7.3
1.
Find LCD of

a) 
            2x             ,        x2  +  1     




   x2  +  2x  +  1             x2  (  1

b)
            2             ,            x  +  1         




4x2  +  13x  +  3     2x2  +  12x  +  18

2.
Build the higher term for  

a) 
            2x             ,        x2  +  1     




   x2  +  2x  +  1             x2  (  1

b)
            2             ,           x  +  1         




4x2  +  13x  +  3     2x2  +  12x  +  18

§7.4 Adding & Subtracting Rat’l Expressions w/ Unlike Denom
Outline

Process for Adding w/ Unlike Denominators    
  Find the LCD

  Build the higher term

  Multiply out numerators

  Add/Subtract Numerators

  Factor & Cancel
Application Problems

  Supplementary/Complementary Angles

Addition and Subtraction of Rational Expressions w/  Unlike Denominators
Step 1:  Find LCD (see steps from page 24 of notes)
Step 2:  Build Higher Term (see steps from page 25 of notes)
Step 3:  Add/Subtract as normal (see steps from page 21 of notes)
Example:
Add/Subtract each of the following
a)
 15a   +   6b 


b)  
     13       +        x     



   b
    5
       


 2x  (  4        x2  (  4

c)
     x        (         2      


d)
  y  +  2    (  2  

   
        
x2  (  4
        4  (  x2
        

  
  y  +  3

e)
     x       (            2          


x2  (  1
       x2  (  2x  +  1

Your Turn §7.4
1.
Add/Subtract

a)
            2x             +          x2  +  1     




  x2  +  2x  +  1                 x2  (  1

b)
             2              +            x  +  1         




 4x2  +  13x  +  3       2x2  +  12x  +  18


c)
      x       (        3      




 x  +  3          x  +  3


d)
       2y         (        6       




  2(3  (  y)        2(3  (  y)

Let’s do a problem that will apply our skills and recall our skills involving complementary and supplementary angles.


Example:
Two angles are said to be complementary if the sum of their angles 


is 90(.  If one angle is 40/x ( , find the measure of its complement.

§7.5 Solving Equations Containing Rational Expressions
Outline

Solving Equations Containing Rational Expression

     Similarity to linear equations containing fractions

     Extraneous Solutions are solutions that will not solve the equation because they make a denominator 

       Zero

     Steps


Find zeros (restrictions)


Find LCD


Multiply every term by LCD (Don’t build the higher term!!)


Expand and solve the resulting linear or quadratic equation (Notice it could be either type!!)


Check for extraneous solutions and eliminate those as true solutions


     The first appearance of the null set, (

     Writing a solution using set notation – called the solution set, {x}

The only difference between solving rational expression equations and regular equations is that all solutions must be checked to make sure that it does not make the denominator of the original expression zero.  If one of the solutions makes the denominator zero, it is called an extraneous solution and will not be part of the solution set for the equation.  As a result, these type of equations can be said to have a solution known as the null set, written (.  This means that there is no solution.  Any valid solution is written as a solution set using set notation, {x}.

Solving a rational expression equation can be likened to solving linear (in 1 variable) or quadratic equations that contain fractions.  You must first get rid of the denominators in order to solve the equations with less complexity.  This requires using the LCD to remove all denominators.  You are not building higher terms!!  Building higher terms is the most common error in solving rational expressions.

Concept Example:
Solve for the variable.


½ x  +  2/3  =  5/8
Solving a Rational Expression Equation

Step 1:  Find zeros (restrictions) of the rational expressions (See page 1 & 2 of notes)
Step 2:  Find the LCD of the denominators in the equation

Step 3:  Multiply all terms by the LCD

Step 4:  Solve appropriately (may be either a linear or a quadratic, so be careful!)
Step 5:  Eliminate extraneous solutions as possible solutions to the equation and write as 

  a solution set.


Example:
Solve each of the following equations for the variable 

and write the solution set.
a)
      9        =  -3



b)
     5      +   2     =       c    




 2a  (  15




c  (  2
     
       c  (  2

c)
      y       +     2(y  (  8)    =    2(y  (  1)  ( 1 




 2y  +  2
4y  +  4
      y  +  1

d)
    2m      (    2  =      m  (  8  




 m  +  4
          m  (  1

Your Turn §7.5
1.
Solve each of the following equations for the variable and write the 

solution set.


a)
    2(y  +  10)      =       5y  (  2     




       y2  (  9                 y2  (  3y


b)
  a  +  6    =      5a     




      2              a  (  1


c)
     x       +    1    =       1     




  x  (  1        2         x  (  1


d)
  1    (        x      =       -1     




  2          x  +  1        x  +  1


e)
Find the measure of the complementary angles if one is 80/x ( and the other 



is 100/x(.
§7.6 Proportions and Problem Solving w/ Rat’l Equations
Outline

Ratios

     Definition –  An expression of one number divided by another, a/b, where a, b ((  and b(0

     Correct Expression – One whole # to another, always in lowest terms (i.e. a & b are simplifyied to be 

                                         whole numbers), never just a whole number like c!

Rates

     Definition of Rate – A expression of some number to one (i.e. a division of numerator divided by 

                       denominator resulting in a real number)

Proportion

     Definition – The equality of 2 ratios.


Terms are the numbers in the numerators and denominators of each ratio.


     Numbered from numerator on left to denominator on left to numerator on right and finally 

      denominator on the right.

Extremes are the 1st and 4th terms.

Means are the 2nd and 3rd terms.

Cross Product is the product of the means or extremes.

Cross Multiplying is finding the cross products

     Means-Extremes Property – Cross Products are equal in a true proportion.


Comes from equality property of multiplication by the LCD


Used to find an unknown term in a ratio.

     Applications


Key is to write the proportion in words & fill in the numbers to form an equation.


     x1 is to y1 as x2 is to y2  where  x1, x2, y1 or y2 will be missing.

Number Problems

Motion Problems

     Upstream & Downstream or With & Against Wind


1st Key – Constant Speed of Vehicle and Add or Subtract Speed of Wind or Current which are 

               known. The unknown is usually the rate of speed for the vehicle.

2nd Key – Time it takes is the same for both With & Against or for Upstream & Downstream, so 

                equations created from t = d/r get set equal

Work Problems

     Will be related to getting a job complete while opposing forces are at work or 2 forces working together


Examples – Filling a sink with the drain open, 2 people painting a room, 2 assembly lines filling 

     an order, etc.

     
1st Key – The amount of work completed in one hour by a force is one over the time for that 

force to complete the job.  

2nd Key – The unknown is generally the total time to do the entire job with both forces

3rd Key – The equation will be formed as a sum or difference of the amount of the job completed in 

 one hour summing to the total amount of work done. (i.e. the reciprocal of the amount of 

 time to do the whole job with both forces.)

A ratio is a quotient of two numbers when divisor isn't zero.  A ratio is stated as:  a to b

a : b    or    a 
where a & b are whole numbers and b(0



       b

A ratio is always written as one whole number to another although it may not start out being written in this form.  A ratio is really a special fraction and we should always simplify it by putting it in lowest terms (recall that this means that all common factors have been divided out, hence our relationship to this section).  The only difference between a ratio and a fraction is that a ratio is never simplified to a whole number or a mixed number.  A ratio must always be the quotient of two whole numbers.
Writing a Ratio Correctly
Step 1:  Write one number divided by another number (order will be dependent upon your 

   problem, pay attention to the word to or the word quotient or its equivalent to help you out)
Step 2:  Divide out (cancel out) all common factors

Step 3:  Rewrite the ratio making sure that it is written as one whole number to another


Example:
Write the following correctly, as ratios


a)
5 to 15





b)
30 to 210

A special case of ratios is called rates.  Rates are ratios in the sense that they are one number to another, but a rate is written as any real number to one.  We find a rate using the same principle as finding a correct ratio, except that we divide out the number that is in the denominator.  This can create a number that is not a whole number, which is fine in a rate.  A rate is not written as a whole number to another, it is simply written as a real number.  The ratio form of a rate is shown in its units.

Writing a Rate
Step 1:  Write as one number to another, also writing the units in this form

Step 2:  Divide the numerator by the denominator (round only when told)
Step 3:  Write the rate with its ratio like units


Example:
Write 23 miles to 6 gallons as a rate.


Example: 
Find the average speed of a car that travels 212 miles in 4 hours.

Note:  Average speed is a rate, found by the rate equation r  =  d / t, which can also be written as d  =  r( t, which is know as the distance equation. r = rate, d = distance & t = time.


Example:
A Ferris wheel completes one revolution in 20 seconds.  If its 



circumference is 220 feet, what is the rate that a person travels 



when riding on the ride?

Your Turn 7.6

1.
Write a ratio in lowest terms for the following.

a)
21 to 18



b)
12 to 36

2.
Give the correct rate in each of the following cases.

a)
Find the gas mileage (mpg) of a car that travels 270 miles on 12 gallons of gas.

b)
Find the rate (mpm) that a man jogs if he can cover if he jogs 4.5 miles in 30 min.

A proportion is a mathematical statement that two ratios are equal.


 2   =   4 
is a proportion


 3        6

It is read as:
2 is to 3 as 4 is to 6
The numbers on the diagonal from left to right, 2 and 6, are called the extremes
The numbers on the diagonal from right to left, 4 and 3, are called the means
If we have a true proportion, the product of the means equals the product of the extremes.  This is called the Means-Extremes Property.  It actually comes from the fact that when we multiply both sides of an equation by the same number (in this case the LCD) we get an equivalent equation.  It is a very useful property for finding a missing term (one of the four numbers in a proportion 2 – 1st term, 3 – 2nd term, 4 – 3rd term, 6 – 4th term, in the example above) in a proportion.

The products of the means and extremes are also called the cross products and finding the product of the means and extremes is called cross multiplying.
Example:
Find the cross products of the following to show that this 

is a true proportion







 27   =   3 








 72
 8

I am positive that this concept is not a new one, but instead of coming up with only linear equations to solve for we will also come up with quadratics, and we will have to make sure that we know what type of equation we have before we can solve for the variable.

Solving a Proportion
Step 1:  Find the cross products and set them equal.

Step 2:  Simplify the expressions on both the left and the right side of the equal sign.

Step 3:  Inspect the equation closely


a)  Is there a second or more degreed term?  If so proceed as a quadratic by 

     moving everything to one side of the equation.

b)  Is the highest degreed term of degree one?  Proceed as a linear equation by 

     isolating the variable.

Step 4:  Solve for the variable


a)  For a quadratic, factor and set each factor equal to zero, be sure to check for 

     restrictions and eliminate those as possible solutions.

b)  For a linear equation move variables to one side and constants to the opposite 

     and isolate the variable by multiplying by the reciprocal of the numeric 

     coefficient.  Still check for restrictions.

Step 5:  Write solution(s), being careful to eliminate any that are restrictions!


Example:  
Solve each of the following proportions


a)
 x  +  1    =    2  

b)

  3a  +  2    =    -4  



     3             3x


 
   a  (  2
 2a

c)
 m   (   8   =   m 




      18             2

Truly, the most useful thing about ratios and proportions are their usefulness in word problems.  We can solve distance problems, rate of pay problems, gas mileage problems, unit price problems, equal concentration mixture problems (not like Ch. 2 or 4), etc. using this method.

The key is to set up equal ratios of one thing to another and write it out in words 1st.


Example:
Using proportions, solve each of the following problems.

a)
If Alexis gets 25 mpg in her car how many miles can she 

drive on 12 gallons of gas?



b)
Joe gets a check for $230 for working 5 hours on 

Tuesday, if he works 7 hours on Wednesday, how much 

should he expect his check to be?



c)
A car travels 231 miles in 3 hours.  If it continues at the 

same speed, how long would you expect it to take in 

order to travel 385 miles?

Your Turn §7.6
1.
Solve each of the following proportions.

a)
  a    =    15  

b)
  z    =    3  

c)
  m  +  1    =    m  


  5          25

  
  7          5

       
       6               9

d)
  t  (  1    =    5  




e)
  z  +  7    =    6  


     6              t

      




      z               z

2.
Solve each of the following problems using a proportion.

a)
If one inch on a map represents 25 miles in the real world, how far apart are two 

cities that are 2.5 inches apart on the map?

b)
If a 14 g serving of margarine contains 50 calories how many calories are in a 

35 g serving?

c)
A player scores 5 goals in the first 3 games of the season.  In every season there 

are 21 games, how many goals would one expect the player to make in these 21 

games?
There are four types of problems in this section and they all involve reciprocals.  The three types that we will deal with are number problems, motion problems that involve the distance formula, work problems where the work done in one hour is given by the reciprocal of the time it takes to do an entire job and similar triangle problems.  We’ll break them down one type at a time.

Number Problems
I don’t have any more to say about these problems than I already said in previous chapters, thus we will look at only a couple of examples.

Example:
Three times the reciprocal of a number equals 9 times the 



reciprocal of 6.  Find the number.


Example:
The denominator of a fraction is 6 more than its numerator.  If ½ is 



added to the fraction the result is 27/26.

Motion Problems
Motion problems will use the rate equation, t = d/r, not once but twice.  There will usually be two opposing forces at work such that one adds to the rate and one subtracts from the rate.  The final equation comes from the fact that the time to complete the task with either of the opposing forces is the same –   t1 = t2, where t1 = d1/r1  and t2 = d2/r2.  The easiest way to keep track of all the components is a table that tracks d, r and t for the two opposing forces.  All that needs to be written outside the table is that t1 = t2 or t1 + t2  = Given

	
	d
	r
	t

	Downstream, With Wind, Downhill, etc.
	Given distance
	Given rate + rate of thing in 1st column (this is the unknown, x)
	GivenDistance/Given rate + x

	Upstream, Against Wind, Uphill, etc.
	Another given distance
	Given rate ( rate of thing in 1st column (this is the unknown, x)
	OtherGivenDistance/Given rate ( x


t1 = t2, meaning 
     Given Distance       =       OtherGivenDistance     





    GivenRate + x

   GivenRate ( x

t1  +  t2  =  Given, meaning
   Given Distance    +     Other Given Distance     =  Given 





   GivenRate +  x
       GivenRate ( x

Example:
A cyclist rode the first 20-mile portion of his workout at a constant 


speed.  For the 16-mile cool down portion of his workout, he 


reduced his speed by 2 miles per hour.  Each portion of the 


workout took the same time.  Find the cyclist's speed during the 


first portion and find his speed during the cool down portion.

	Distance   =
	Rate    (
	Time

	
	
	

	
	
	


Sometimes a problem will involve a sum of the times rather than the times being equal.  Here is such a problem.


Example:
A man lives on a hill and he runs circuits that takes him down the 



hill and then back up a longer route.  He runs 2 mph faster 



downhill than uphill.  If he runs 7 miles uphill and 3 miles 



downhill in 2.25 hours, what is his speed going uphill?
Work Problems
These problems involve work being done by two forces.  Each force is usually said to be able to complete the entire job in some amount of time, so we narrow everything down to the rate at which the work can be completed in one unit of time by taking the reciprocal of the time it takes to do the entire job.  The rate that it takes both forces to complete the job in 1 unit of time will sum to the reciprocal of the total time that it will take both working together to actually complete the job.  This total time is usually the unknown.  If the forces work together it will be a sum and if the forces oppose one another it will be a difference.

Example:
In 2 minutes, a conveyor belt moves 300 pounds of tin 

from the delivery truck to a storage area.  A smaller belt 

moves the same amount the same distance in 6 minutes.  If both belts are used, find how long it takes to move the cans to the storage area.

	
	Minutes
	Part of Job in 1 Minute

	Large
	
	

	Small
	
	

	Together
	
	



Example:
A water source can fill a tank in 15 hours, unfortunately 

there is a hole in the tank that can drain the tank in 20 

hours.  If no one notices the hole in the tank how long 

will it take to fill the tank with the hole un-patched?

Similar Triangles (figures in general)
A similar figure is a figure that has proportional sides due to similar angles. Similar triangles are triangles that have exactly the same angles with corresponding sides that are proportional (not the same length, but all sides between equivalent angles will form an equivalent fractions).

Given
(A  =  (D,  (B  =  (E,  (C  =  (F in the following 2 triangles




Then  AB : DE, 
BC : EF, 
AC : DF

Meaning that 
AB  =  BC ,
AB  =  AC ,
BC  =  AC
(read AB is to DE as 



DE
 EF
DE
DF
EF
DF       BC is to EF, etc.)
The only thing left to recall, is that in a proportion (which is what the above “meaning that” statements are called) the cross products are equal.  Cross products are the diagonal numbers, across the equal sign, multiplied.

Cross Products are equivalent in any true proportion and this allows us to set up an equation to solve.




AB  (  EF  =  BC  (  DE


Example:
Find x using your knowledge and then find the length of BC.





If  BC  =  2x + 10 &  AC  = 8    While   EF  = 6   and AF  =  x + 3  

Your Turn §7.6


1.
The difference of the reciprocals of two consecutive even integers is 1/12.  What 

are the integers?

2.
A car travels from city A to city B (a distance of 600 miles) at a average speed that is 

5 mph over the accepted speed limit in the state.  Another car travels from city A 

to city C (a distance of 450 miles) at a average speed that is 10 mph under the 

accepted speed limit in the state.  If it takes both vehicles the same amount of time 

to arrive at their destinations, what is the accepted speed limit in this state.

3.
If a bath tub can be filled in 20 minutes while the drain is open and the drain can 

empty the tub in 5 minutes, how long would it take to fill the tub if the drain were 

closed?

4.
Triangle 1 has side lengths 8 ft. and 28 ft. opposite the smallest and largest angles 

respectively.  Triangle 2 has a side length of 20 ft. opposite its largest angle.  Find 

the length of the side opposite its smallest angle.
§7.7 Variation and Problem Solving (Typically not covered)
Outline

Direct Variation

     A number (y) is equal to another (x) times a constant (K).

Inverse Variation

     A number (y) is equal to the reciprocal of another (1/x) times a constant (K).

Problem Solving

     Using direct & inverse variation

Direct variation means that two numbers vary proportionally by a constant.  Another way of saying this is that one is a constant multiple of the other.





y  =  Kx,
where y and x ( ( and K is a constant


Example:
When y varies directly with x, find the constant of 

proportionality, K.


a)
y  =  10 and x  =  -2



b)
y  =  7  and   x  =  -3

The constant of proportionality is always the same for a given relationship and this can be used to solve for unknowns, using a proportion.  Since K is always equal to y/x when x and y vary proportionally and the constants of proportionality are always equal for a given relationship, we can set up a proportion and solve it based upon this unique constant, K.


Example:
Given that y varies directly with x, solve the following.



a)
x  =  5  and   y  =  -2, find y when  x  =  20.



b)
y  =  -8  and x  =  12, find x  when  y  =  -24.

Inverse variation means that two numbers vary inversely by a constant.  Another way of saying this is that one is a constant multiple of the other’s reciprocal.





y  =  K/x,
where y and x ( ( and K is a constant


Example:
When y varies inversely with x, find the constant of 

proportionality, K.


a)
y  =  10 and x  =  -2 



b)
y  =  7  and   x  =  -3

The constant of proportionality is always the same for a given relationship and this can be used to solve for unknowns, using a proportion.  Since K is always equal to x(y when x and y vary inversely and the constants of proportionality are always equal for a given relationship, we can set up a proportion and solve it based upon this unique constant, K.


Example:
Given that y varies inversely with x, solve the following.



a)
x  =  5  and   y  =  -2, find y when  x  =  20.



b)
y  =  -8  and x  =  12, find x  when  y  =  -24.

There are many things in our real world that vary directly and indirectly.  For instance, distance and time vary directly and when you consider the formula d  = r ( t, and time and rate vary inversely if you look at this equation rewritten as t  =  d/r.  There are many other relationships that occur in our physical world that can be described like this and many others that we can concoct to show this, but I will focus on just this one to show some applications of the idea.


Example:
Distance and time vary directly, when rate is constant.  If 

a car travels 250 miles in 3 hours, how many hours will it 

take to travel 700 miles?


Example:
The intensity of a light sources varies inversely with the 

square of the distance from the source.  The intensity of a light is 36 foot-candles at 3 feet, find the intensity at 6 feet. 

§7.8 Simplifying Complex Fractions
Outline

Definition – A fraction with a complex expression in the numerator and/or denominator.

Methods for Simplifying

     Method 1 – Division of numerator by denominator.

    
Best for 

     Fraction over Fraction

     Rational Expression Fraction over Rational Expression Fraction

     Method 2 – Multiplication of all terms by LCD of all denominators


Best when there is a sum or difference in numerator and/or denominator

A complex fraction is a fraction with an expression in the numerator (top) and an expression in the denominator (bottom).

Simplifying Complex Fractions  Method #1
Step 1:  Solve or simplify the problem in the numerator

Step 2:  Solve or simplify the problem in the denominator

Step 3:  Divide the numerator by the denominator

Step 4:  Reduce

Example:
Simplify each of the following using Method #1.
a)

 3 



b)

 6x  (  3 




 4



   

     5x2


  -----------------



  -------------------------   



 2 





 2x  (  1 




 3





    10x

c)

 1   +   2 


d)

 1   (   1 



 
 2        3




 5        x

 
 -------------------------



  -------------------------



 5   (   5 




 7   +   1 




 9        6




10       x2
Simplifying Complex Fractions Method #2
Step 1:  Find the LCD of the numerator and the denominator fractions

Step 2:  Multiply numerator and denominator fractions by LCD

Step 3:  Simplify resulting fraction

Example:
Using Method #2, solve the same problems as before.


a)

 3 



b)

 6x  (  3 




 4





     5x2


   -----------------



   -------------------------   




 2 





 2x  (  1 




 3



   

    10x

c)

 1   +   2 


d)

 1   (   1 




 2        3




 5        x

-------------------------



-------------------------



 5   (   5 




 7   +   1 




 9        6




10       x2
Your Turn §7.8
1.
Simplify using method #1.


a)
   3/5y  


b)
    2/3   


c)
       2x3  



  15/xy

  

  1 5/7

       

       7y5












---------------



   







      12x4  




    







      49y2


2.
Use method #2 to simplify the following.  Don’t forget your factoring 

skills!

a)
  1  +  1/a  




  a  (  1/a

b)
        1       +  x     



     x  + 1



---------------------



    x  +         x      





   x  (  1


c)
       1    +    2  




       x          x2


----------------------



 1  (    1    (    6  




           x          x2
Practice Test Ch. 7

1.  
Reduce to lowest terms, and specify any restrictions:
   2x  +  1  











  4x2  (  1

2.  
Divide

  x2  (  6x  +  9    (          x2  (  9     





  x2  (  2x  (  3
          x2  +  4x  +  3

3.  
Multiply

(a2  (  a  (  12)      4      







  a  (  4

4.  
Add

3  +   2 





         x

5.  
Subtract

           4             (              2            





  x2  +  4x  (  5         x2  +  7x  +  10

6.  
Solve:

 5   +   1   =   1 





 a        2        3

7.
One number is twice another number.  The sum of their reciprocals is ¼.  Find the 

two numbers.  (This is not correctly solved as an algebra problem unless the equation used is 
shown and actually used to solve the problem.)

8.
The hot water faucet can fill a sink in 6 minutes.  The cold water faucet can fill 

the sink in 4 minutes.  How long would it take to fill an empty sink, if they were 

both turned on at the same time? (This is not correctly solved as an algebra problem unless the equation used is shown and actually used to solve the problem.)

9.
A boat travels 6 miles up a river in the same amount of time it takes to travel 10 

           miles down the same river.  If the current is 4 mph, find the speed of the boat in 

           still water.  (This is not correctly solved as an algebra problem unless the equation used is shown 
             and actually used to solve the problem.)

10.
Simplify


 1   +   1 





             4        3           







 1   (   1 







 2        6

11.
Triangle 1 has side lengths 2 ft. and 10 ft. opposite the smallest and largest angles 

respectively.  Triangle 2 has a side length of 3 ft. opposite its smallest angle.  Find 

the length of the side opposite its largest angle.
12.  
Simplify


   x  +  3  





              x2  (  4               







  3x  +  9  







   x  +  2

13.  
The scale on a map indicates that 1 inch is equivalent to 12 miles.  How many 

             miles apart are two cities which are 3 inches apart on the map? (This is not 

             
correctly solved as an algebra problem unless the equation used is shown and actually used to 

solve the problem.)

14.  Solve

 x   =        4      





 2         x  +  2

15.
If x and y vary directly find the constant of proportionality, if x  =  12  and y  =  9.

16.
If x and y vary inversely.  If y  =  10  when x  =  -1/2, find x  when y  =  7.

1





1





1





1





1





1





1





1





1





1





1





1





E





B

















C





F





D





A





B





E





F





C





A








PAGE  
15

