§ 1.2 Symbols and Sets Numbers
Objectives

· Sets of Numbers
· Number Line

· Translation

· Absolute Value

Sets are collections of objects.  In mathematics we deal with many sets of numbers.  One method of showing a set, called roster form, lists the set within braces, in the following way

{object1, object2, object3, …}

The ellipsis (…) indicate that a set continues on in the manner indicated infinitely.

Another method of listing sets is called set builder notation.  In this method a set is described using braces, a variable, a straight line “ | ” (meaning such that) and then a description of the set.  This method will be demonstrated shortly.

Some sets of numbers that we deal with in mathematics:


Natural Numbers/Counting Numbers (N)


{ 1 , 2 , 3 , 4 , 5 , … }  The counting numbers excluding zero


Note:  These can also be called the positive numbers and can be 




written { + 1 , + 2 , . . . } but the positive sign is assumed 




and need not be written unless it is unclear what we mean.


Whole Numbers (W)


{ 0 , 1 , 2 , 3 , 4 , . . . }  The counting numbers with zero


Example: 
{x | x ( N or 0}
 is a way to describe the Whole Numbers 








that uses the Natural Number and 








demonstrates set builder notation.


Integers (I)


{ . . . , - 3 , - 2 , - 1 , 0 , 1 , 2 , 3 , . . . }  All positive whole numbers, their 








  opposites and zero


Rational Numbers (R)


{x | x ( p/q , p,q ( I, q ( 0}
All numbers that can be represented as the 







quotient of integers



Example:   2/3, 5, 0, - 1/2, 0.33333


Irrational Numbers (Q)


All numbers that can't be represented as the quotient of 


integers, i.e. numbers that when represented in decimal form are non-terminating, 


non-repeating decimals


Example: (2 
(read the square root of 2)



Example:  (
(this is the symbol that represents pi, 






approximately 3.14)


Real Numbers (()


All numbers that can be represented on a number line, i.e. all 


rational and irrational numbers.
A number line is a continuing line that represents the real numbers.  At the center is zero, moving to the left from zero are the negative numbers (getting smaller and smaller) and moving to the right from zero are the positive numbers (getting larger and larger).  This is known as the order property of the real numbers. 



We may wish to make a statement about the relationship of two or more numbers pictured on a number line.  We call such a statement a mathematical statement.  Mathematical statements may or may not be true, but we will always use the following symbols to make a mathematical statement.

Inequality Symbols
( 
Does Not Equal

<
Strictly Less Than

>
Strictly Greater Than

(
Less Than or Equal To

(
Greater Than or Equal To

Some helpful hints in reading the greater than and less than symbols:


The arrow points to the smaller number.


Put teeth in the mouth and the smaller eats the larger (you may have learned this as a 


child, and therefore I pose this here to jog a memory!()

We have both strictly less than and less than or equal to, and both can be used to refer to the same case, but the less than or equal to can also indicate equality.  The less than or equal to refers to a case in which either the strict inequality or the equality holds true.  For a case where we would compare 7 and 15, either the < or ( will work.  We see the usefulness of the ( and ( later when we come to solution sets of linear inequalities.

Example:
Compare the following using <, > or =



a)
-10  
   -100


b)
18/3

24/3





c)
5.2

5.1

d)
-3.25

-3.2



e)
2/5

4/7

f)
-2/5

-4/7
Another property of the number line is that there is always one unit between each whole number that is marked on the number line.  This gives us some insight into the idea of absolute value.  The absolute value of  a number is defined as the number of units a number is away from zero on the number line.  Absolute value does not take into account whether a number is positive or negative – it is strictly the number without its sign!  We indicate absolute value in the following way






| number |
the absolute value of number

Example:  What is the absolute value 7 ?


Example:  | - 15 |


Example:  Write the absolute value of  - 7 in symbols.

Now we will combine the last concept (comparing numbers) with the absolute value.


Example:
Compare the following using <, > or =


a)
| -1 |

| 1 |

b)
| -8 |

| 0 |



c)
| -5 |

-4

Supplemental Information to Section 1.2
A subset is a set which is contained by another set.  This means that all the members of one set are contained within the other set.  A set is a subset of itself as well.  The following symbol is used to indicate that one set is a subset of another 







(
subset of

Example:  Write using symbols: The integers are a subset of the real numbers


Example:  Is the following statement true or false?




The whole numbers are a subset of the natural numbers

The following symbol is used to tell us that a set contains no elements .





( 
or  
 { }

the null set or empty set

Example:  Write the answer to the following using symbols.





The set of negative numbers contained within the 





natural numbers.

§1.3 Fractions
First, we need to review some vocabulary for fractions.  Recall that 






 2   ( Numerator





 3   ( Denominator
Remember also that a fraction can represent a division problem!


Example:  What is the numerator of  5/8  ?


Example:  What is the denominator of   19/97  ?

Fractions represent a part of something.  The numerator represents how many pieces of the whole are represented.  The denominator tells us how many pieces that the whole has been divided into.


Example:    For the picture drawn on the board:




a)
Represent the shaded area as a fraction




b)
Represent the unshaded area as a fraction

We like to represent fractions in what we refer to as lowest terms, which means that the numerator and denominator have no factors in common except one.  There are two technical ways of putting a fraction into lowest terms.  The first way uses greatest common factors and the other uses prime numbers. 

The greatest common factor method goes as follows:


Step 1:  Find the GCF of numerator and denominator

a) List all factors of numerator and denominator

b) Find the largest (greatest) that both have in common


Step 2:  Factor the numerator and denominator using GCF


Step 3:  Cancel the GCF from the denominator and numerator


Step 4:  Rewrite the fraction



Example:  Reduce  12/24  to its lowest terms.





Step 1:  12 – 1, 2, 3, 4, 6, 12






    24 – 1, 2, 3, 4, 6, 8, 12, 24







GCF = 12





Step 2:     12   =  12 ( 1 





     24      12 ( 2





Step 3:  Cancel the 12's





Step 4:  Rewrite       1 .







          2



Example:  Reduce  42/45  to its lowest terms.

Before discussing the second method, we need to discuss the two types of numbers.  All numbers are either composite or primes. Composite numbers have more factors other than one and themselves.  Said another way, each composite number contains 1 and itself as factors as well as at least one other number.  A prime number has only 1 and itself as factors.
In order to find all the prime factors of a composite number, we will use a method called prime factorization.  The method goes like this:  1) What is the smallest prime number that our number is divisible by?  2) What times that prime gives our number?  3) Once we have these two factors we circle the prime number and focus on the one that isn’t prime.  4) If there is one that isn’t prime, we ask the same two questions again, until we have found all the prime numbers that our number is divisible by.  5) Then we rewrite our composite number as a product of all the circled primes.  6) Finally, we can use exponential notation to write them in a simplified manner.  When multiplied together all the primes must yield the composite number or there is an error.





12





/   \





       2          6





                  /   \






    2     3  
12  =  2(2(3  =  22  (  3

Whether you use a factor tree as I have here, or use one of the other methods is up to you, but I find that the very visual factor tree works nicely.


Example:
Find the prime factorization of 15 and 24

The prime factorization method goes like this:


Step 1:  Factor numerator and denominator into prime factors


Step 2:  Cancel all factors in common in both numerator and denominator.


Step 3:  Rewrite the fraction.



Example: Reduce  12/24  to its lowest terms.





Step 1:   12  =     2 ( 2 ( 3   .  





     24      2 ( 2 ( 2 ( 3





Step 2:  Cancel the 2 of the 2's and the 3's





Step 3:  Rewrite    1/2 .



Example:  Reduce  42/45  to its lowest terms.

In order to add and subtract fractions, you must also know how to build a higher term.  To build a higher term you must know the Fundamental Theorem(Principle) of Fractions.  Essentially this principle says that as long as you do the same thing (multiply or divide by the same number) to both the numerator and denominator you will get an equivalent fraction.  Here it is in symbols:


Fundamental Theorem (Principle) of Fractions


 a ( c   =   a 

or 

a ( c  =   a 




 b ( c
      b



b ( c
     b

This is used to build an equivalent fraction.  An equivalent fraction is a fraction which represents the same quantity.  For example:



 1/4 


and


 2/8 


are equivalent fractions.

To create an equivalent fraction we use the fundamental principle of fractions.  Here is a process:


Step 1:  Decide or know what the new denominator is to be.


Step 2:  Use division to decide what the "c" will be as in the fundamental 



principle of fractions.


Step 3:  Multiply both the numerator and denominator by the "c"


Step 4:  Rewrite the fraction.

Example:  Write an equivalent fraction to

a)  
2/3  with a denominator of 9.

b)
8/15  with a denominator of 30.

Now, let's review how to multiply fractions.  Multiplying fractions is very easy, but should never be confused with adding fractions.



Step 1:  Cancel if possible



Step 2:  Multiply numerators



Step 3:  Multiply denominators



Step 4:  Reduce/Change to mixed number if necessary


Example:  Multiply.


a)
 2/3 • 5/7 

b)
 3/8  x  2/5 


What if we wish to multiply mixed numbers?  If we wish to multiply mixed numbers we must first convert them to improper fractions.   Let's recall how:



Step 1:  Multiply the whole number and the denominator



Step 2:  Add the numerator to the product


Step 3:  Put the sum over the denominator


Example:  Multiply.

(11/2)( 1/2 ) 


Sometimes as a result of multiplying two mixed numbers we may get an improper fraction and we may need to convert it to a mixed number.  It is always easiest to convert to a mixed number when the improper fraction is in its lowest terms.  These are the steps to converting an improper fraction to a mixed number:


Step 1:  Reduce the improper fraction to its lowest terms


Step 2:  Divide the denominator into the numerator (numerator ÷  denominator)

Step 3:  Write the whole number and put the remainder over the denominator.


Example:
Multiply

3 2/3 ( 1/2 )

Before we discuss dividing fractions we must define a reciprocal.  A reciprocal can be defined as flipping the fraction over, which means making the denominator the numerator and the numerator the denominator.  Another way that I frequently speak of taking a reciprocal is saying to invert it.  The actual definition of a reciprocal is the number that when multiplied by the number at hand, will yield the identity element of multiplication (one).

To divide fractions, we must use the following steps:


Step 1:  Invert the divisor (that is the second number; the one that you're dividing by)


Step 2:  Multiply the inverted divisor by the dividend (the first number; the number 



that you are dividing into pieces)


Step 3:  Reduce the answer if necessary.


Example:  Divide
  


a)
5/8   (   2/3 



b)
5/8   (   3/4 



c)
5/8   (   3/5 



d)
4 3/7  ÷  31/7

e)
7/8  ÷  3 1/4
Now, let's discuss addition and subtraction of simple fractions.  To add and subtract fractions with common denominators all that must be done is to add or subtract the numerators and carry along the common denominator.


Example:  Add


a)
 4/5   –    1/5 



b)
 23/105   +   4/105 


In order to add or subtract fractions with unlike denominators we must first find a common denominator.  The best way to do this is to find the least common denominator (LCD) which is the least common multiple (LCM).  The LCM is the lowest number which both denominators go into or said another way is the lowest multiple that all numbers have in common.

Let’s outline and practice the best method for finding an LCM/LCD.


Step 1:  Find the prime factorization of all denominators, writing in exponential 



notation


Step 2:  Write all the unique prime numbers in the prime factorizations


Step 3:
  Write the primes to their highest exponent

Step 4:
  Multiply

Example:
Find the LCD of 22 and 33.

Here are the steps that you use in order to add two fractions that do not have common denominators:


Step 1:  Find the LCM/LCD

Step 2:  Build equivalent fractions using LCM/LCD


Step 3:  Add or subtract the new fractions


Step 4:  Simplify by reducing to lowest terms and/or changing to a mixed #


Example:
Add/Subtract.


a)
5/22  –  5/33



b)
   1/3   +   2/5 



c)
 1/4   +   2/3 



d)
   5/8  +   3/4 


What if we need to add or subtract mixed numbers or fractions from whole numbers?  Then we have two methods of accomplishing our task.  The first method is changing a mixed number into an improper fraction.  We already discussed how to change a mixed number into an improper fraction in our discussion of multiplication.

Example:  11/5  +  23/5 


The second method is to add or subtract the whole numbers, and then to add or subtract the numerators of the fractions (provided that they are common denominators – if they aren’t then they need to be made into equivalent fractions with the LCD).  There are two problems that are likely to arise in using this method.  The first is that the fractions when added will be more than one whole, in which case we will need to recall that a mixed number such as 11/4  means 1  +   1/4  and therefore we can convert the improper fraction to a mixed number and add it to the whole number.


Example:  Add and notice what happens with the fractional portion:





13/4   +  51/4 


The other case is if the fraction we are subtracting from is smaller than the fraction being subtracted.  In this case we must borrow.


Example:  Subtract and notice what happens in trying to subtract the fractions


(Remember subtraction is not commutative so you can’t subtract 3 from 2 and get 1 and we don’t 


want to get a negative one either!)




52/5   (  23/5 


What about whole numbers?  Let’s take a look at an example:


Example:
Add/Subtract


a)
7  +  1/10


b)
4  –  1/5
Supplemental Material for §1.3

Sometimes we wish to convert a fraction to a decimal.  This is a simple conversion to make.  All it requires is dividing the numerator by the denominator.  However, in order to do this there are some things that we must recall.  First, you must remember that we will be getting a decimal and therefore, you need to insert a decimal and zeros after the numerator.  Next, you must remember some principles of rounding, that you will use if your decimal is a repeating on as in the case of  2/3 .


Example:  Convert  to a decimal


a)
1/4



b)
5/6
Some decimal conversions you should be capable of making automatically.  This will save you time when doing calculations that can be more easily done with fractions instead of decimals or vice versa.  Along with the decimal to fractions and fraction to decimal conversions, you should be able to convert these numbers into percentages.

Recall that a percent is a fractional part of one hundred.  We can make any fraction into a percent by converting it to a decimal and moving the decimal place two places to the right.  We can also represent a percent as a fraction by moving the decimal (recall that a number written without a decimal always has an implied decimal to the right of the right most number) to the left two places and then placing the number over a factor of 10 containing the same number of zeros as the number of decimal places. Always remember that when converting to a fraction, from a percentage, that we will want a reduced fraction!  Let's see some examples of this:


Example:  Convert  2/3  to a percentage

Example:  Convert to a fraction:

a)
25%



b)
89.45%


c)
33 1/3%
(This one can be tricky, because of it’s repeating nature)
Now, here are some fractions, their decimal and percentage representations that you might want to have memorized!

	Fraction
	Decimal
	Percentage

	¼
	.25
	25 %

	½
	.5
	50%

	3/4
	.75
	75%

	1/8
	.125
	12.5%

	1/5
	.2
	20%

	4/5
	.8
	80%

	3/5
	.6
	60%

	2/5
	.4
	40%

	7/8
	.875
	87.5%

	1/6
	.1666 (w/ bar over last 6)
	162/3% 

	1/3
	.33333 (w/ bar over last 3)
	331/3% 

	2/3
	.666 (w/ bar over last 6)
	662/3% 


§1.4 Intro to Variable Expression and Equations
What is an exponent?  An exponent represents repeated multiplication.  The exponent, which is the little number that is written above and to the right of the base, tells us how many times to use the base as a factor.  The base can be any real number.  Using a number as a factor means multiplying it by itself.  A factor is the name of the numbers being multiplied by one another in a multiplication problem.  The answer to a multiplication problem is the product.


Example:  What is the base of 5 2 ?


Example:  What is the exponent of 5 2 ?

Example:  What is 
a)
5 2 ?



b)
2 3 ?





c)
(2/3)4



d)
(1.2)2

When many operators are used in a single mathematical expression it can become confusing as to which one to do first.  We solve this by using order of operations and grouping symbols.  Grouping symbols such as brackets [ ], braces {}, and parentheses ( ) help us to tell others what we wish them to do first, which leads directly into the order of operations.


Order of Operations

Parentheses, Brackets or Braces


Exponents


Multiplication and Division in order from left to right

Addition and Subtraction in order from left to right
A trick for reminding yourself which operations in what order is the following:  Please Elect My Dear Aunt Sally or simply PEMDAS  (you must always remember that the MD and AS is left to right order not strictly multiply then divide, or add then subtract)

Example:   Simplify
using order of operations


a)
7  +  22  (  2



b)
1  +  9(5 ( 21


c)
6 ( 3  + 2(10  (  5


d)
4  (  9/3  +  1


e)
11  +  32  +  6(8   (  2)    


f)
  | 6  –  2 |   +  3  



       2  +  3  (  4




      8  +  2 • 5

In this section algebraic expressions and algebraic equations are also discussed.  The difference between an algebraic expression and an algebraic equation is an equal sign.  An algebraic expression does not contain an equal sign and an algebraic equation does!  An algebraic expression is a collection of numbers, variables, operators and grouping symbols. 


Example:  
a)
3x



b)
3x2 ( 5






c)
6 ( y ( 4 )  +  2

d)
5z  (  16
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An algebraic expression can be evaluated.  This means that given specific values for the variables, we can give a numeric answer to the expression.  An algebraic expression does not have a solution.

Steps for Evaluating an Algebraic Expression
Step 1:

Place parentheses wherever you see a variable.  Be careful to place 



exponents just to the right of the parentheses for any variable that is raised 



to a power.

Step 2:

Carefully place the value of each variable in the appropriate parentheses.

Step 3:

Evaluate the resulting mathematical expression using order of operations.

Example:  Evaluate  3x2 +  5y  (  z   given x=2  y=1 and z=3


Example:  Evaluate  2c  +  15   given  c=3  and k=7



   




    k


Example:  Evaluate  2 ( z  + 5 )  (   4/z   +  k2    given z = 2 and k = 5

An algebraic equation sets up an equivalence between an algebraic expression and a numeric/mathematical expression or between two algebraic expressions.  Since an equation sets up an equivalence relationship it can be solved.  This means that a solution or root can be found which will make the equation true.  A solution or root is a value that can be put in place of the variable to make the equation true.  We are not developing a method for doing this yet!


Example:  What number must replace the variable to make the 



         following equation true?





5  +  x  =  9


Example:  Is 2 a root/solution to the following equation?





x2  +  2  =  8

This section also helps you to practice your skills for writing algebraic expressions or equations using specific words for the operators.  

Words and Phrasing for Translation Problems, by Operation
Note:  Let any unknown be the variable x.
Addition
	Word
	Phrasing
	Algebraic Expression

	sum
	The sum of a number and 2
	x  +  2

	more than
	5 more than some number
	x  +  5

	added to
	Some number added to 10
	10  +  x

	greater than
	7 greater than some number
	x  +  7

	increased by
	Some number increased by 20
	x  +  20

	years older than
	15 years older than John
	x  +  15


Note:  Because addition is commutative, each expression can be written equivalently in reverse, i.e.  x  +  2  =  2  +  x

Subtraction
	Word
	Phrasing
	Algebraic Expression

	difference of
	The difference of some number and 2

The difference of 2 and some number
	x  (  2

2  (  x

	years younger than
	Sam's age if he is 3 years younger than John
	x  (  3

	diminished by
	15 diminished by some number

Some number diminished by 15
	15  (  x

x  (  15

	less than
	17  less than some number

Some number less than 17
	x  (  17

17  (  x

	decreased by
	Some number decreased by 15

15  decreased by  some number
	x  (  15

15  (  x

	subtract from
	Subtract some number from 51

Subtract 51 from some number
	51  (  x

x  (  51


Note:  Because subtraction is not commutative,   x  (  2  (  2  (  x

Multiplication
	Word
	Phrasing
	Algebraic Expression

	product
	The product of 6 and some number
	6x

	times
	24 times some number
	24x

	twice
	Twice some number

Twice 24
	2x

2(24)

	multiplied by
	8 multiplied by some number
	8x

	at
	Some number of items at $5 a piece
	$5x

	"fractional part" of
	A quarter of some number
	¼ x  or   x/4 .

	"Amount" of "$" or "("
	Amount of money in some number of dimes (nickels, quarters, pennies, etc.)
	0.1x (dollars) or 10x (cents)

	percent of
	3 percent of some number
	0.03x


Note:  Because multiplication is commutative all of the above algebraic expressions can be written equivalently in reverse, i.e. 6x  =  x6.  It is standard practice to write the numeric coefficient and then the variable, however.

Division
	Word
	Phrasing
	Algebraic Expression

	quotient
	The quotient of 6 and some number

The quotient of some number and 6
	6  (  x

x  (  6

	divided by
	Some number divided by 20

20 divided by some number
	x  (  20

20  (  x

	ratio of
	The ratio of some number to 8

The ratio of 8 to some number
	x  (  8

8  (  x


Note:  Division can also be written in the following equivalent ways, i.e. x  (  6  =  x/6  =  6(x  =    x 
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Exponents
	Words
	Phrasing
	Algebraic Expression

	squared
	Some number squared
	x2

	square of
	The square of some number
	x2

	cubed
	Some number cubed
	x3

	cube of
	The cube of some number
	x3

	(raised) to the power of
	Some number (raised) to the power of 6
	x6


Note:  Whenever you are wondering, “How can I tell whether a number is added first or multiplied first and then added,” or some such order of operation detail, look for the word ‘and’.  The ‘and’ goes between the two addends or the minuend and subtrahend or the factors or the dividend and divisor.  Another clue to look for is a comma following a phrasing that includes an ‘and’.
Equality

	Words
	Phrasing
	Algebraic Equation

	yields
	A number and 7 yields 17.  Let x = #.
	x  +  7  =  17

	equals
	7 and 9 equals 16
	7  +  9  =  16

	is
	The sum of 5 and 4 is 9.
	5  +  4  =  9

	will be
	12 decreased by 4  will be 8.
	12  (  4  =  8

	was
	The quotient of 12 and 6 was 2.
	12  (  6  =  2


Note:  Any form of the word is can be used to mean equal.
Parentheses
Parentheses are indicated in four ways.  

1)  The first is the use of a comma
Example:
The product of 5, and 16 less than a number.  






5(x  –  16)

2)  The second is the use of two operators' phrases next to one another.  

Example:
17 decreased by the sum of 9 and a number.  





17  –  (9  +  x)

Notice how ‘decreased by’ is followed by ‘the sum of’ and not by a number?  This indicates that we will be doing the sum first; hence a set of parentheses will be needed.

3)  Next, you may notice that the expected 'and' between the two numbers being operated upon is after a prepositional phrase [A phrase that consists of a preposition (usually “of” in our case) and the noun it governs (usually number in our case) and acts like an adjective or adverb].  

Example:  The sum of 9 times a number and the number.  





9x  +  x

Usually we would see the 'and' just after the number 9, but it does not appear until after the prepositional phrase 'of 9 times a number'.  If you think of this in a logical manner, what you should see is that you have to have two numbers to operate upon before you can complete the operation, which would require the use of parentheses to tell you to find a number first!  

4)  Finally, you may notice a phrase containing another operator after the 'and' where you would expect a number.

Example:
The difference of 51 and the product of 9 and a number.  





51  –  9x

The note about thinking in a logical manner applies here too!  You must have two numbers to operate on!


Example:  Write an algebraic expression for the following:


a)
The difference of five times a number and two


b) 
The sum of five and a number increased by two


c)
The product of a number and two decreased by seven


d)
The quotient of seven and two times a number


Example:  Write an algebraic equation for the following:


a)
Two times a number yields ten


b)
The ratio of a number and two is the same as eight


c)
The total of eighteen and five times a number equals eleven times the number


d)
The product of five and the sum of two and a number is equivalent to the 



quotient of forty and the number

§1.5 Adding Real Numbers
There are two ways of looking at adding real numbers.  The first way is on the number line.

Recall that if we have a negative number we are traveling in the negative direction on the number line (left).  Also recall that if we have a positive number we are traveling in a positive direction (right) on the number line.


When you add on the number line:


Step 1:  Start at zero and move to the first addend

Step 2:  Move the appropriate number of units in the positive or negative 



direction according to the second addend

Example:  Use a number line to add:


a)
3  +  (-2)



b)
-5  +  -2


c)
-1  +  2

The other alternative has some rules to remember!  These rules come from what is done on the number line, so if you do the number line method a few times, these rules will begin to make sense.


If the signs are the same


Step 1:  Add the absolute values



Step 2:  Keep the common sign


If the signs are different


Step 1:  Subtract the absolute value of the smaller from the larger



Step 2:  Keep the sign of the larger


Example:  Add using the rules. (I will show you a short-cut for showing the rules above 






rather than having to write them out or to use a number line.)

a)
5  +  8




b)
3  +  (-2)


c)
-5  +  -2



d)
-1  +  2


e)
-7/16  +  ¼



e)
-9.6  +  (-3.5)

The next discussion is the additive inverse.  The additive inverse of a number is its opposite (defined as the number the same distance from zero, but on the opposite side of zero).  It is the number that when added to the number at hand produces the identity element of addition (zero).  In symbols we can say that a number's additive inverse is its negative: 

 


n's additive inverse is -n  





and 


-n's additive inverse is -(-n) which is n  


Example:
What is the opposite of 2?


Example:
What is the additive inverse of -2x?


Example:
What would I add to  2/5  to produce zero?


Example:
Does 0 have an opposite?


Example:
Simplify

- ( - ( - 2 ))

Now for the miserable examples – combining absolute values and opposites.


Example:
Simplify.


a)
-| -5 |

b)
- | -(-5) |
c)
- | 5 |

d)
| -5 |

Oh, btw, I really like to combine these concepts with the comparison of numbers!


Example:
Use <, > or = to compare


a)
- | -3 |

- (- 2)

§1.6 Subtracting Real Numbers
The key to subtracting two real numbers is seeing the subtraction problems as an addition problem.  In other words, we are adding the opposite (of the second number that is being subtracted)!!  In algebra, subtraction is not a separate operation, it is merely redefined as addition of the opposite (this explains why, in order of operations, that addition and subtraction just come in left to right order).


Example:  Rewrite each subtraction problem as an addition problem.


a)  5 ( 7

b)  6 ( (-2)

 c) -5 ( 1

d)  -15 ( (-2)

Once we see a subtraction problem as an addition problem there are no more rules to learn!  We already know how to add two real numbers in two different ways.  Now all we must do is practice our new skill.


Example:  Subtract by first changing each problem to addition and then adding:


a)
- 8 ( 4


b)
-3/11  –  (-5/11)

c)
8.3  –  (-0.62)


Example:
Use order of operations to simplify each.


a)
2  –  3(8  –  6)


b)
| -2 |  +  (-6)2  +  (-3  –  8) 




c)
- 22  (  [ 5 ( (-4)] 


Example:  Evaluate:

x + y ( z  
if  x = 2, y = -5 and z = -3


Example:
Translate and evaluate.




Subtract 9  from -4

Example:  If I have $259.00 in my checking account and I write a check for my 


mortgage for $378.00, what will the balance in my checking account be 


when the check clears?  

Note:  There are two ways of writing this problem.  One way is to look at withdrawing money (writing a check) as subtracting money.  The other why is to look at it as an accountant does and consider every operation to be addition, and withdrawals to be represented by negative numbers.  If I specify to find a solution through integer addition, it is the second method that I am looking for.


Example:  At the top of Mt. Whitney the average winter temperature is -23( and 



several hundred miles away in Death Valley the average winter 



temperature is 82(.  What is the difference in average temperatures 



between Mt. Whitney and Death Valley in the winter?

§1.7 Multiplying and Dividing Real Numbers
Let's first talk about some of the ways that multiplication and division can be written.

All of the following mean multiplication:


3 x 2

3 ( 2

3(2

(3)(2)

3(2)

(3)2

In each of these the 3 and the 2 are called factors and the answer is called the product
All of the following mean division:



10 ( 2

 10 

10/2

2(10





  2

In each of these the 10 is called the dividend, the 2 is called the divisor and the answer is called the quotient
At this time I would like you that the product of zero and anything is zero, division by zero is undefined and zero divided by anything is zero.

At this time I would like to remind you: the product of zero and anything is zero, 

Multiplication by Zero – ZERO

a(0)  =  0

division of a non-zero real number by zero is undefined and zero divided by any non-zero real number is zero.

Division by Zero – UNDEFINED

  a    =  undefined
since no number, when multiplied by zero yields a

  0

Zero Divided by Anything – ZERO 

  0    =  0

since  a(0)  =  0  [mult. prop. of zero]


  a

Note:
Division of zero by zero result in an indeterminant answer.

These are the rules for multiplying and dividing real numbers:

Rule 1:  Multiplication/Division of two positive numbers yields a positive 

Rule 2:  Multiplication/Division of two negative numbers yields a positive 

Rule 3:  Multiplication/Division of a negative and positive number  yields a negative 

Here’s a nice visual to remember this too:

+








– 

–

Example:  Simplify


a)
-5 x 3


b)
-15 ( -3

c)
 -3/4 ( -8/9

d)
-21/3


e)
7(-56


f)
-4/9  ÷  4/9

g)
0(-3.5)


h)
-27


i)
  0  








  0



-15

How about mixing this up with a few order of operation problems!


Example:
Simplify


a)
  8  +  (-4)2  



b)
  -3  –  2(-9)  




   4  –  12




 -15  –  3(-4)


c)
  -3  –  (-3)  



d)
     | (9)(-1)  +  -11 |     




   -5  –  4
    




    -5  +  -22  +  | -9 |

There is also a multiplicative inverse.  The multiplicative inverse of a number is any number which when multiplied by the number at hand yields 1.  The multiplicative inverse is also called a reciprocal and is another way of writing division.  When we write  a/b  we are actually saying “a (  1/b”, so we see that multiplying by the inverse of a number is the same as division by that number.  Recall that division by zero is undefined, because there is no reciprocal of zero!


Example:  What is the reciprocal of -5?


Example:  What number when multiplied by  1/7  yields 1?


Example:  What is the reciprocal of – 22/3 ?


Example:  What number when multiplied by 7  1/8  will yield 1?

§1.8 Properties of Real Numbers
Commutative Properties
This special property states that no matter in which order you add or multiply two numbers the sum or product is still the same. 


a  +  b  =  b  +  a

Commutative Property of Addition


a  (  b  =  b  (  a

Commutative Property of Multiplication


Example:  0  +  8  =  8  +  0


Example:    15  +  7  =  7  +  15


Example:    
x  +  7  =  7  +  x


Example:  7(8)  =  8(7)


Example:  8x  =  x8

Associative Properties  

This property tells us that we can group numbers together in any way and add or multiply them and still get the same answer.  You learned this property when you learned to add columns of numbers and found that it was easier to group numbers together and then add the groups' sums.  Or when you learned that the multiplication table was symmetric. 


( a  (   b)  (  c  =  a  (  ( b  (  c )

Associative Prop. of Mult.


(a  +  b)  +  c  =  a  +  (b  +  c)


Associative Prop. of Add.


Example:   
a)
5 + 4 + 7 + 3  =  ( 5 + 4 )  +  ( 7 + 3 )




b)
6x + ( x + 8 )  =  ( 6x + x ) + 8




c)
(x  +  7)  +  3  =   x  +  (7   +  3)




d)
8 • (7n)  =  (8 • 7)n




e)
2 • 3 • 6n  =  (2•3•6)n

One very nice thing about the associative property of addition is that we can use it to add terms(any number, variable(s) or a variable(s) multiplied by a number) that are alike, like terms (terms that have the exact same variable or variables).  We can also use the associative property of multiplication to group numeric coefficients together to create a single number (called a numeric coefficient of a variable term).  Note:  You might recall that when a number is written next to a variable it indicates multiplication.

Distributive Property
Unlike addition, multiplication has another property called the distributive property.  The distributive property only works with multiplication and goes as follows, as it distributes multiplication over addition:



a ( b + c ) = a ( b )  +  a ( c )


Example:  
Simplify each of the following using the distributive 




property



a)
4 ( 3 + 2 )



b)
  x ( 3 + 5 )

Note:  Do not become confused by these two simple examples.  They are meant to give you a warm fuzzy about using the distributive property.  The distributive property should not replace order of operations if you have all numbers!


c)
2 ( 2x + 3 )



 d)
5 ( x + y + 5z )

Identity Elements (Properties)
The identity element is the thing that gives the number itself back.  They should not be confused with the Inverse properties, which yield the Identity Elements.



a  (  1  =  a

Multiplication's Identity Element is 1



a  +  0  =  a

Addition's Identity Element is 0

The multiplication identity element allows us to reduce and build higher terms. In the next chapter these two identity elements will form the foundation for solving algebraic equations.  Don’t confuse the identity elements with the inverse property that follows (our book does not reiterate the inverses, it simply leaves inverses to be discussed in earlier sections).

Inverse Properties
The inverse properties are very useful properties that allow us to solve equations.  Neither your book nor I will cover this feature directly at this time, but when we cover solving equations you will see why both the identity element and inverse properties are necessary.



a  +  (-a)  =  0
Inverse Property of Addition



a ( 1/a  =  1

Inverse Property of Multiplication

The basic properties discussed in this section rarely, if ever, come up by themselves, although you can expect to see one problem of the following type on any first test in my classes. The importance of these properties is how they help us to solve algebra problems.


Example:
Match each example with the property that it best 




represents by writing the corresponding letter next to it.

_____
5(t  +  x)  =  5t  + 5x

a.     Identity Element of Mult.

_____
- 6  +  6  =  0


b.     Associative Property of Mult.

_____
5  +  8  =  8  +  5

c.     Commutative Prop. of Mult. 

_____
(2 ( 3) ( 5  =  2 ( (3 ( 5)
d.     Additive Inverse

_____
1/7  (  7  =  1


e.     Multiplicative Inverse

_____  -1/5  (  3/3  =  -3/15

f.     Distributive Property

_____  (-9 + 5) + 1 = -9 + (5 + 1)
g.     Commutative Prop. of Addition

_____  3 ( (4 ( 2)  =  (4 ( 2) ( 3
h.     Associative Prop. of Addition

( More negative





0





  More positive (
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