§4.1 Solving Linear Inequalities
First we will learn our last way of writing a set.  This is another method of writing a solution set which augments our roster form and set builder notation.  Interval Notation indicates the solution set of an inequality and the inclusion of the endpoints.  This is similar to roster form for the solution set of a linear equality, but unlike a linear equality a linear inequality is all real numbers between two points or beginning at a point and traveling out to negative or positive infinity.  Endpoints are the beginning or end of the solution set.  They are either included or not included in the solution set of an inequality.  When graphing the solution set of an inequality we used either open or solid circles or parentheses and brackets.  The parentheses and brackets (used by most algebra texts today) are what we need for interval notation.  An open circle or a parenthesis indicates that the number is not a part of the solution set.  A solid circle or a bracket indicates that the number is a part of the solution set.  When graphing simple inequalities, we can get a solution set that travels out to negative or positive infinity (-(, ().  Infinity is an elusive point since you can never reach it; therefore, in interval notation we always use a parenthesis around infinity.


Summary


Endpoint included

[   or   ]



Endpoint not included

(   or   )



Negative Infinity

(-(


Positive Infinity

()

Review of Set Builder Notation


Description of the set using braces, vertical line and simple or compound inequality.



{x | x > # }



{x | x < # }



{x | # < x < #}


It is assumed that x ( (

Visually Relating to the Number Graph of an Inequality



x  >  5


Will be graphed with an parenthesis (open circle) on 5 

and a line to the right with an arrow on the end showing that it continues on to infinity.






Interval Notation

(5, ()




Set Builder Notation

{x|xє R, x > 5}



-2  (  x


Will be graphed with an bracket (closed circle) on 5 

and a line to the right with an arrow on the end showing that it continues on to infinity.







Interval Notation

(-(, -2]




Set Builder Notation

{x|xє R, x ≤ -2}



-1 <  x  (  5

Will be graphed with an parenthesis (open circle) on 

-1 and a bracket (closed circle) on 5 and a line in 

 between.






Interval Notation

(-1, 5]




Set Builder Notation

{x|xє R, -1< x ≤ 5}


Example:
Express the following inequality in the following ways




a)  using a  number line




b)  using interval notation




c)  using set builder notation





-2 ¼  <  x  (  3

Solving Simple Linear Inequalities (x  ( a or x > a)

1)  Follow the same procedure for solving a linear equation


a)  Addition Property of Equality


  i)  move the variable to one side

  ii)  move # to other side 

b)  Multiplication Property*


  i)  Multiply by the reciprocal of the numeric coefficient

*If multiplying by a negative the sense of the inequality reverses, which means that inequality symbol flips around. (a < becomes a >)
2)  Graph, give the solution set as indicated


Example:
Solve, graph and give the solution set in interval notation



a)
5x  (  2  >  3



b)
2(5  (  3x)  (  22

Note:  Be cautious of the inequality reversing.  To see why it does, let's solve this problem in a different manner.

Let’s not forget about fractions in equations and the concept of clearing!  This will work with inequalities as well.  Find the LCD and multiply all terms in the entire equation by the LCD to clear, just as you did with equations.


Example:
Clear and solve.  Give your solution in interval notation.

a) 3A/10  +  1  >  1/5  −  A/10

b)
  4k  −  3    +  2  ≥    2k  −  1  






        6
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We may also encounter problems that have no solution or infinite solutions.  Just as with linear equations in 1 variable or systems, we will find a true statement when the solution is infinite solutions and a false statement when the solution is a null set.


Example:
Solve.


a)
4(x  −  1)  ≥  3(x  −  2)  +  x

b)
2(x  +  3)  +  5  <  2x  −  4
Oh, and we can’t forget about our function notation!!


Example:
Solve the following for:
f(x) =  2x  +  5   &   g(x)  =  2(x  −  9)  +  3x



a)
f(x)  >  g(x)


b)
f(x)  ≤  g(x)
Word Problems & Inequalities

at least ( (

more than (  >


minimum (  (

maximum  (  (

between (  compound in standard form  (  small <  x  <  large


Example:
#86 p. 251



The bank charges $8/month plus $0.05 per check.  The credit union 



charges $2/month plus $0.08 per check.  How many checks could be 



written each month to make the credit union a better deal (another way of 



asking this question is what is the maximum number of checks that can be written each 



month to make the credit union a better deal)?

Example:
#88 p. 252




A company manufactures and sells custom stationery.  The weekly cost is 




$3000 plus $3 to produce each package of stationery.  The selling price for 




a package is $5.50.  How many packages must be sold each week for the 




company to make a profit (another way of asking this question is how many 



packages must be sold so that the profit is more than the cost)?

Suggested HW §4.1
p.249-253 #1-25every other odd,#27-61odd,#83-89odd,#107-109all

§4.2 Solving Compound Linear Inequalities
Solving Compound Linear Inequalities
1)  Move constants from middle to the outsides

  a)  Add opposite to right side of the compound inequality

  b)  Add opposite to left side of the compound inequality

2)  Remove the numeric coefficient*

  a)  Multiply the right side of the compound inequality by the reciprocal
  b)  Multiply the left side of the compound inequality by the reciprocal

*If multiplying by a negative the sense of the inequality reverses, which means that inequality symbol flips around. (a < becomes a >).  Unlike the simple inequality you have no choice but to remember this rule!
3)  Graph and write the solution set as indicated


Example:
Solve, graph and write the solution set in both interval 

notation and set builder notation.


a) 
-1  (  x  (  5  <  9



b)
3  <    -x  (  5    (  6
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Recall that:


Mathematical "OR" means union (all members of sets together)


The union of two sets that do not overlap must be written with a union symbol.



The union of two sets that overlap, and travel in the same direction, is the larger set.


The union of two sets that overlap and travel in the opposite directions is all real numbers.

Mathematical "AND" means intersection (overlap of members)


The intersection of two sets that do not overlap is a null set.



The intersection of two sets that overlap and travel in the same direction is the smaller set.



The intersection of two sets that overlap and travel in the opposite directions is the set between the 



endpoints of each set.

Example:
Graph the following and then give the solution set in 

interval notation.

a)
c  (  2       or     c  >  -3

b)
d  >  0      or    d  (  5


c)
2k  +  5  >  -1       or     7  (  3k  (  7


d)
2a  +  3  (  7        or      -3a  +  4  (  -17


Example:
Graph the following and then give the solution set in 

interval notation.

a)
c  (  2       and     c  >  -3

b)
d  >  0      and    d  (  5


c)
2k  +  5  >  -1       and     7  (  3k  (  7


d)
2a  +  3  (  7        and      -3a  +  4  (  -17

An alternate way of doing any compound inequality is to treat it as an intersection (and) of the middle to left and the middle to right.  Let’s look at the 1st example of that above.


Example:
Solve using an intersection.

-1 ≤  x  −  5  <  9

This method of solving a compound linear inequality helps when the variable is not just in the middle portion of the inequality.


Example:
#64 p. 260
x  ≤  3x  −  10  ≤  2x
Note:  This problem would be very difficult if treated in the manner that we have been doing problem.
Note2:  Don't forget that this is the intersection of these two parts

Now for some applications of inequalities.

Example:
A pool technician needs to make sure that the pool’s pH is between 6.7 




and 7.1 based upon an average of 3 readings.  If he takes the 




measurements on days 1 and 2 and gets 8.1 and 7.6, what must the reading 




be on day 3 for the pool’s average pH to be within the desired range?

Example:
Parts for an auto repair cost $175.  The labor charges are $34/hr.  If the 




estimate given is in the range of $226 to $294 for repairing the car, what is 




the range of hours that the shop is expecting to spend on your car (assuming 



that the parts cost will remain the same)?
Suggested HW §4.2
p. 259-262 #1-57odd,#75-79odd,#99-101all

§4.3 Solving Equations & Inequalities with Absolute Values
Let's do some thinking about absolute values for a bit.  | a | means a without its sign, therefore the absolute value is always greater than zero if a is either larger or smaller than zero and if a = 0 then the absolute value is still zero.  So, this leads us to the question:




Can | a | ever be negative (less than zero)?


Example:
| x |  <  0
has no ( solution since there is no number that will ever 





make this a true statement since the absolute is never less 





than zero.

Now, going back to the first paragraph and contemplate the meaning that the absolute value of any positive or negative integer is always positive.  Think about the absolute value of opposites.



Is the value of | a |  and | -a |  the same?


Example:
| x |  =  5
so x can be either +5 or –5 since the absolute value of a 





number and its opposite are the same.

Now we need to give some consideration to | x | > #.  There is one special case and that is when x is greater than a negative number.




What values will make | x | greater than any negative number?


Example:
| x | > -2
this is all real numbers since no matter what number you 





put in the value is always ( zero

Now the | x | > the real numbers ( 0.  This requires you to give a little consideration to the numbers on the number line and the fact that as you go out in each direction the number are *getting larger in terms of their absolute value.  Also considered that in the negative direction as the numbers get larger in terms of their absolute value, they also get smaller in terms of their actual value, just as the positive numbers get larger.  This gives us a hint as to how to solve the equations | x | > #.  


Example:
| x |  >  5
since all positive numbers greater than 5 will make this true 





and all negative numbers less than –5 will make this true 





this is how we go about solving these problems.

Our last consideration is | x | < #, when that number is greater than zero.  Again let's consider the positive numbers and the negative numbers that will make it a true statement.  Positive numbers between zero and the number at hand will make a true statement.  Negative numbers between zero and the opposite of the number at hand will also make the statement true, with much the same reasoning that we had above (*).


Example:
| x |  <  5
since all positive numbers less than 5 will make this a true 





and all negative numbers greater than –5 will make this a 





true statement, this is how we go about solving these 





problems.

Summary of Solutions
When a is a positive number


| x | = a

x = a  
or  
x = -a


|x | < a

-a < x < a


(x is between the + and ( values of a)

| x | > a

x > a 
or 
x < -a

(you may have seen this expressed in the 

following way, but you will not see me express it this 
way as it is not a correct statement, although it gets 
the job done.
-a > x > a)
When a is a negative number


| x | = a


(

| x | < a


(

| x | > a


(
If a is zero we must be cautious of the endpoints!


| x | > 0


{x | x ( (, x ( 0}*


| x | ( 0


(

| x | < 0


(

| x | ( 0


x = 0*

*x can be any algebraic expression and therefore you may have to solve to find the value of the variable!!

Solving an Absolute Value Equation

1)  Get into | x |  >  a or   | x | < a   form by using addition/ multiplication properties

2)  Set up appropriately to remove the absolute values


a)  If  | x | < a

-a < x < a


b)  If  | x | > a

x > a    or    x < -a

3)  Solve the resulting linear inequalities as usual

4)  Check your solution


Example:
Find the solution set of the following


a)
| x |  =  9




b)
| x |  =  -7


c)
| c  +  1 |  <  2




d)
| a  (  2 |  +  3  <  4


e)
| a  (  2 |  +  3  <  2

Note:  The absolute value can't be less than zero, so once you have completed step 1 of the process you know the answer.


f)
   a  +  3       (  0
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Note:  The absolute value can't be less than zero so you are only finding a single number that makes this statement equal to zero!

g)
| c  +  3 |  >  9




h)
| d  (  3  |  (  2  >  4


i)
| e |  +  2  (  0




j)
| 4  (  2y |  (  0

Note for j:  The absolute value is always greater than zero so you don't have to do anything to answer that the solution is all real numbers.

k)
| 16a  (  4 |  >  0

Note:  The endpoint is not included, so every real number except where 16a ( 4 = 0 will be the solution!
Absolute Value Equals Absolute Value
In this case the value of one side equals both the positive and negative values of the other side.  This too can be reasoned through by thinking about what it means for | x | = | y |.  It means that whatever the value of x the value of y must also be the same, regardless of direction from zero, thus  x = y  or  x = -y.


Example:
| 3r  +  2 |  =  | r  (  3 |


Example:
If f(x) = | 3x  + 1 |  and g(x) = | 6x – 2 |, find all values 




for which f(x) = g(x).

Suggested HW §4.3
p. 267-270 #1-37odd,#39-43odd,#63-67odd, #116-118all

§3.7 Graphing Linear Inequalities
Outline
How to Graph

  Boundary Line


< or > dotted line – not part of solution


( or( solid line—part of solution

  Choose 2 check points


1 above & 1 below


shortcut is put in slope-intercept form & < is below & > is above

  Shade True region

How to Graph
Step 1:  Graph the boundary line using graphing skills


a)  For < or > the boundary lines isn't part of solution & is dotted


b)  For ( or ( the boundary lines is part of solution & is solid

Step 2:  Choose 2 check points


a)  1 above boundary line


b)  1 below boundary line

Step 3:  Shade region containing check point creating a true statement


Example:
Graph the following inequality on the graph on below.




y < 2x  +  1





















Example:
Graph the following inequality:
y ( 3x ( 1




















Note:  If the equation is in slope-intercept then the inequality tells you if the region above or below is the shaded region.


< or ( shade below


> or ( shade above


Example:
Graph 3x  ( 4y  (  12




















Note:  Don't rush into the assumption that you'll be shading the region below the line!  First put the equation into slope-intercept form.

Graphing Systems of Linear Inequalities
1)
Graph each of the equations separately (it may help to use color to see each as individuals).

2)
Shade the region where both are true at the same time (the region of overlap).

3)
Highlight the boundary lines surrounding the region in (2).

4)
Find the point(s) of intersection of the boundary lines.  This must be done using methods 


from §4.1 or 4.3


Example:
Solve  the system

3x  +  2y  ≥  8








x  −  5y  <  5




















Example:
Solve



x  + y  >  3








x  +  y  <  -2



















Note:  There may be no solution to the system.  The complement of this is when one system’s solution is a subset of the other and the solution is the smaller set.
When there are more than 2 equations begin by forming constraints on the coordinate system.  Constraining equations will be a pair of equations that are very broad and general equations that form boundaries on a solution; the most common are what I call quadrant constraints such as x>0, y>0, etc.

Process for Solving a System of More than 2 inequalities
1)
Find 2 equations that form a constraint (look for broad and general equations)
2)
Graph the remaining equation(s) within the constraints


Example:
Solve the system


x  ≥  0









y  ≥ 0









5x  +  4y  (  16









x  + 6y  ≤  18



















Solving systems that contain absolute value inequalities starts with the simplification of the absolute value.  Start by writing the absolute value as if you were solving it in the last section.



| x | >  #
x > #  or  x < # and then graph this system

1)  Graph the boundary lines x = # & x = -#

2) Shade out from those boundary lines




| x | < #

-#  <  x  <  # and then graph this system

1) Graph the boundary lines x = # & x = -#

2) Shade between the boundary lines

Solving a system of absolute inequalities is then just like solving any system of inequalities.


Example:
Solve the following inequalities on your own paper.


a)
| x | >  3

b)
| y | ≤ -2

c)
| x + 2|  ≥ 5





d)
| y – 1 | < 2

e)
| x | > 3 

f)
| x + 2 | ≥ 5







| y | ≤ 2



| y – 1 | < 2
Suggested HW §4.4
p. 279-281 #1-45odd,#51,#87-89all

I will not be covering §4.5 at this time.
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Very generally spoken!!  For more detail see above.
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