
§2.1 Introduction to Functions

Outline
Define

  Relation

  Function

  Domain

  Range

  Dependent & Independent Variables

  Vertical Line Test

Function Notation

  f of x & y is a function of x

 Evaluate a function 

Applications of Functions

A relation is any set of ordered pairs.  A function is a relation for which every value of the independent variable (the values that can be inputted) has one and only one value for the dependent variable (the values that are output, dependent upon those input).  All the possible values of the independent variable form the domain and the values given by the dependent variable form the range.  Think of a function as a machine and once a value is input it becomes something else, thus you can never input the same thing twice and have it come out differently.  This does not mean that you can't input different things and have them come out the same, however!  Your textbook shows some great pictures of functions on page 97.

There are many ways to show a function's domain and range.  One way is to draw a picture and show the mapping (each element of the domain maps to only one member of the range in a function) of the domain onto the range.  Another way is to list the domain as a set using roster or set builder notation and the range as a set using roster or set builder notation.  If the domain and range are both finite, they can be listed together as a set of ordered pairs.  We can also graph a function, which shows both the domain and the range.





Is a Relation a Function?
1)  For every value in the domain is there only one value in the range?


a)  Looking at ordered pairs


b)  Looking at a graph – Vertical line test (if any vertical line intersects the graph in more 
than one place the relation is not a function)


c)  Think about the domain & range values


Example:
Which of the following are functions?  What are the domain & 

range of each?


a)
{(2,5), (2,6), (2,7)}



b)
y = (x,   {x| x ( 0, x((}



c)
2
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Note:  When a set is finite it is easiest to use roster form to list the domain & range, but when the sets are infinite or subsets of the (, set builder and interval notation are better for listing the elements.
Function notation may have been discussed in algebra, but if it wasn't you didn't miss much.  It is just a way of describing the dependent variable as a function of the independent.  It is written using any letter, usually f or g and in parentheses the independent variable.  This notation replaces the dependent variable.



f (x)

Read as f of x
The notation means evaluate the equation at the value given within the parentheses.  It is exactly like saying y=!!


Example:
Evaluate
f(x) = 2x  +  5 
at



a)
f(2)




b)
f( -1/2)


Example:
For
h(g) = 1/g
find



a)
h(1/2)



b)
h(0)


Example:
Let’s look to our book for evaluating a function represented on a 

graph.  P. 108 #38, 40 & 42  Let’s also see if we can write this 

function’s domain and range.
When using function notation in everyday life the letter that represents the function should relate to the dependent variable's value, just as the independent variable should relate to its value.


Example:
The perimeter of a rectangle is P = 2l  + 2w.  If it is 

known that the length must be 10 feet, then the perimeter 

is a function of width.



a)
Write this function using function notation



b)
Find the perimeter given the width is 2 ft.  Write this 

using function notation.

Suggested HW §2.1
p. 106-112 #1-57odd,#69-89odd,#102,#105-107all

§2.2 The Algebra of Functions
Outline
More About Domains of Functions

  Finding the restricted values

Adding/Subtracting Functions

  f(x) + g(x) = (f + g)(x)

 f(x) ( g(x) = (f ( g)(x)

Multiplying Functions

  f(x)(g(x) = (f(g)(x)

Dividing Functions

  f(x)/g(x) = (f/g)(x)  if g(x) ( 0

Some functions will have variables in their denominators and as a result they will have values restricted from their domains that make the denominator zero.  You can find those restrictions by setting the denominator equal to zero and solving the resulting equation.  Whatever value(s) you find as a solution are your restricted values.


Example:
Find the domains of the following functions.

a) h(g)  =  1/g


b)
f(x)  =  x / (x  −  2)
Functions retain the properties of (!!

  f(x) + g(x) = (f + g)(x)


Example:
If f(x) = x + 1  & g(x) = 2x,

a)
Find f(1) + g(1)  This means evaluate each & then add

b)
Find (f + g)(1)  This means add and then evaluate
Note:  They are still the same.  This is what our property of functions tells us!  This is always the case.
f(x) ( g(x) = (f ( g)(x)


Example:
If f(9) = 2 & g(9) = 5, find (f ( g)(9)

Note:  This just says that we can subtract the values of each function at the same independent and find the difference of the functions, even though we don't know any more about the functions themselves.  This is what allows us to look at the graphs of two functions and give their sums, differences, etc.

  f(x)(g(x) = (f(g)(x)


Example:
If f(x) = 2x + 1  & g(x) = -x



a)
Find f(3) ( g(3)
This means evaluate & then multiply


b)
Find (f ( g)(3)
This means multiply & then evaluate
Note:  The reason that this important is it may be very difficult to multiply two functions, and if we know we can evaluate them and multiply their dependent values it makes life easier!

  f(x)/g(x) = (f/g)(x)  if g(x) ( 0

Example:
If f(x) = x & g(x) = x ( 1, find 

a)
f(2)/g(2)




b)
(f/g)(1)

Note:  Part b) is undefined since the restriction on the denominator is x(1!!  Since x ( 1 ( 0

The choice of whether to evaluate 1st or last is yours.  That is the basics!!


Given equations:



Add/Subtract: I'll add and then evaluate



Mult/Divide: I'll evaluate 1st

Given [f(5)=9] values:

You have no choice!!  You must add/subt./mult./divide the values of dependent .


Example:
Find f(x) ( g(x) when f(2) = 9 &  g(2) = 5

From a graph:  NO DIFFERENT!


1)  Find value of functions at independent specified


2)  Add, subtract, multiply or divide those values


Example:
Use the graph to find the following

a)
#49 p.120 Blitzer
Find (f + g)(-3)

b)
#51 p. 120 Blitzer
Find (f(g)(2)

Note:  Blitzer does not use a dot but I always will.  (fg)(2) is Blitzer’s notation.
Suggested HW §2.2

p. 119-122 #1-47odd,#50-54even,#55-65odd,#83-85all

§2.3 Linear Functions: Graphs & Applications
Outline
Standard Form

 ax + by =c

Solving linear equation for y

  Slope-Intercept form

  Writing using function notation – Linear Function

X & Y-intercepts

  Graphing using intercepts

Vertical & Horizontal Lines

  x = a  & y =b

  Graphing

Slope

  Rise divided by Run

  Vertical change divided by Horizontal change

  Change in y divided by Change in x

  Positive vs. Negative Slope


Climb to right is positive slope


Slide to right is negative slope

  3 Ways to find 


Formula


Geometrically


Slope-Intercept Equation

Slope-Intercept Form

  y = mx + b; m = slope, b = y-intercept, x = independent var., y = dependent variable

  Graphing based upon


Geometric interpretation from y-intercept

Translation of an equation

Recall:

Linear Equation in Two Variable is an equation in the following form, whose solutions are ordered pairs.  A straight line can graphically represent a linear equation in two variables.

ax + by  = c

a, b, & c are constants

x, y are variables

x & y both can’t = 0

Example:
Write 

2 ( 3y = 5x 

in standard form.

Also Recall:

Solving an equation for y is called putting it in slope-intercept form.  This is a special form with the following properties.


y = mx  +  b


m = slope


b = y-intercept 

The other great thing about this form is that it allows us to use function notation and eliminate the need to write the dependent variable.  Hence, y = mx + b  becomes





f(x) = mx + b

since y is a function of x.

We reviewed graphing a linear equation in 2 variables in Chapter 1.  Rather than repeat that information here, we need to have a discussion about intercepts and then repeat our discussion about graphing with those special points called the intercepts, rather than just random points.

An intercept is where a graph crosses an axis.  There are two types of intercepts for a line, an x-intercept and a y-intercept.  An x-intercept is where the line crosses the x-axis and it has an ordered pair of the form (x,0).  A y-intercept is where the line crosses the y-axis and it has an ordered pair of the form (0,y) most often written (0,b).

Finding the Y-intercept (X-intercept)

Step 1:  Let x = 0 (for x-intercept let y = 0)
Step 2:  Solve the equation for y (solve for x to find the x-intercept)
Step 3:  Form the ordered pair (0,y) where y is the solution from step two.  [the ordered 

  pair would be (x, 0)]


Example:
Find the x & y intercepts and give them as ordered pairs



a)
x ( 2y = 9


b)
y = 2x

Note1: In part a) will the y-intercept be easy to graph?
Note2: In part b)notice that the x & y intercepts are the same.  This is because this is a line through the origin, so it crosses the x & y axis in the same place.  If there is no b in slope-intercept form or c = 0 in std. form then the line goes through the origin.
To Graph a Linear Function
Step 1:  Choose 3 values of x (appropriate values)


Now we have 2 special points that are easy to find, the x and y-intercepts & still find the 3rd one
Step 2:  Substitute and solve for f(x) [e.g. y] 3 times

Remember that two points make a line, but 3 gives a check!  Also recall that the since the domain and range of a linear function are all real numbers it makes it possible to choose any value of x and know that there will be a corresponding value for f(x).


Example:
Graph

f(x) = 1/3 x  +  1


















Now, we need to discuss another set of special lines.  They don't appear to be linear equations in 2 variables because they are written in 1 variable, but this is because the other variable can be anything.  The lines in question are vertical and  horizontal lines.

Vertical Lines

x = a   for a((
A vertical line is not a function.

A vertical line has no y-intercept, unless it is the y-axis (x =0)

x-intercept is value of x

For whatever y chosen  x will equal a, thus all y's are valid

Horizontal Lines
y = b
or f(x) = b
for b((
A constant function
A horizontal line has no x-intercept, unless it is the x-axis

y-intercept is the value of y

For whatever x chosen, y will equal b


Example:
Graph the following



a)
x = -1




b)
f(x) = 1/3



















Slope is the ratio of vertical change to horizontal change.


m =  rise  =  y2 ( y1  =   (y 



         run      x2 ( x1       (x

Rise is the amount of change on the y-axis and run is the amount of change on the 
x-axis.

A line with positive slope goes up when viewing from left to right and a line with negative slope goes down from left to right.  When asked to give the slope of a line, you are being asked for a numeric slope found using the equation from above.  The sign of the slope indicates whether the slope is positive or negative, it is not the slope itself!  Knowing the direction that a line takes if it has positive or negative slope, gives you a check for your calculations, or for your plotting.

3Ways to Find Slope
1)  Formula given above


Example:
Use the formula to find the slope of the line through (5,2) & (-1,7)

2)  Geometrically using m = rise/run

Choose points, create rise & run triangle, count & divide


Example:
#26 p.138 Blitzer (the red line only)
3)  From the slope-intercept form of a linear function


y = mx + b, where m, the numeric coefficient of x is the slope


Solve the equation for y, give numeric coeff. of x as the slope (including the sign)


Example:
Find the slope of the line
2x ( 5y = 9

Special Lines
  We have already discussed horizontal and vertical lines, but now we need to discuss them in terms of their slope.


Horizontal Lines, recall, are lines that run straight across from left to right.  A horizontal line has zero slope.  This is so since it has zero vertical change (rise)and zero divided by anything is zero.




m =   rise   =   0   =  zero




          run       #

Example:  Find the slope of the horizontal line through the points






(0,5);(10,5)

Note:  It is always acceptable to use the formula to find the slope when given points, but if the y-coordinates are the same then the line is horizontal and if the x-coordinates are the same the line is vertical, each having their respective slopes.

Vertical Lines, recall, are lines that run straight up and down.  A vertical line has undefined slope.  This is so since it has zero horizontal change (run) and anything divided by zero is undefined.




m =   rise   =   #   =  undefined




          run       0

 Note:  Some authors will use the very weak, no slope, to mean either undefined or zero slope.   I will not accept "no slope" for either answer.  The reason for this is that no slope can be translated to mean none or zero and a vertical line does not have zero slope, it has undefined slope, as you will see from the following example!  Also, since this confusion exists, I want it eliminated completely!!

Example:  Find the slope of the line below




Note: When finding the slope of a horizontal or vertical line that has been graphed, the formula approach can still be used, but it is easier to remember that a vertical line has undefined slope and a horizontal line has zero slope.
Let's go back to the discussion of graphing a line.  There are 3 methods, let's recap them and then focus on the one of interest.

Graphing a Line
Method 1:  Choose 3 random x's and solve for y and graph the 3 ordered pairs

Method 2:  Find x & y intercepts & a third point as in Method 1 and graph

Method 3:  Graph y-intercept & use geometric approach of slope to get 2nd & 3rd points.  

        Slope & y-intercept come from slope-intercept form of line.

Way back in Pre-Algebra you may have learned Method 1 and we reviewed it in Chapter 1, and then you learned about the 2 special points – the intercepts and how that is just method 1 with a couple of points that are pretty easy to find.  Now we will focus our attention on Method 3.

Graphing a Line Using Slope-Intercept Form
Step 1:  Put the equation into slope-intercept form (solve for y)
Step 2:  Write down the y-intercept point (0,b)

Step 3:  Count up/down and over left/right from the intercept point as indicated by the 

  slope, to find a second point.

Step 4:  Repeat Step 3, with a different iteration of the slope (e.g. +/( is same as (/+ or +/+ is 

  same as (/()


Example:
Graph the following using the method just described






2x  + 3y = -9




















Just a note on Average Rate of Change.

Rate of Change  =    Rise  
=       Dependent Change     




         Run
        Independent Change

Example:
See #78  p. 139 Blitzer





Rate of  Change =    2002%  (  1997%  








          
      # of yrs.
Note:  Remember that rounding is usually to the hundredths of a percent.
When modeling a real life situation with that exhibits a linear trend we will need to find the rate of change and the baseline.  The baseline, our starting point, is the y-intercept.


Example:
See #80 p. 139 Blitzer
Suggested HW §2.3
p. 137-141 #1-57odd, #77,79,81,#114-116all

§2.4 Point-Slope Form
Outline
Point-Slope Form

  y-y1 = m(x ( x1`); m = slope, (x1,y1) is ordered pair, x & y are variables

  Change to Slope-Intercept Form

  Finding the Equation of a line using


2 Points [Random, not (0,b)]


From a graph [y-intercept is not clear]


Slope & point [not (0,b)]

Parallel & Perpendicular Lines

  Parallel means same slope & different y-intercept

  Perpendicular means neg. recip. Slopes & any y-intercept

  Finding equations of lines that are perp. Or parallel to given


Including to vertical & horizontal lines

As discovered in §3.4, there is a way to give the equation of a line based upon a point and the slope, when the y-intercept is not known.  This is called the point-slope form of a linear equation.

  

y - y1 = m(x ( x1)


 m = slope 

(x1,y1) is ordered pair,

x & y are variables

We can use this under several circumstances:


1)  Given 2 points & one isn't (0,b)



Note: If the intercept is given just use slope-intercept form!


2)  Given 1 point that isn't (0,b) & the slope



Note: If the intercept is given just use slope-intercept form!

3)  Given any graph w/ unclear (0,b)



Note: If the intercept is clear just use slope-intercept form!


Example:
Find the equation of the line using the info given & 

point-slope form.  Put the final answer in slope-intercept 

form.



a)
(5,2) & (9,8)




b)
m = 5 & (3,-1)




c)







What if we know the y-intercept, do we still need the point-slope form?


Example:
Find the equation of each.  Notice we don't need the point-

slope form.



a)
m = -1/2 & (0,5)



b)
(0,-1/2)  & (8,5)



c)






What about horizontal & vertical lines?  Do we need a special formula to write the equation of either?

Horizontal Lines – y = #
     Can use formula since 


m = 0 & y-intercept is y = # (the equation indicates y-intercept)
     However, no need for formula

y-coordinates will all be the same if 2 points are given


slope will be zero & y-coordinate will give equation of line if point & slope given


a graph will show a horizontal line and where it crosses the y-axis gives equation


Example:
What is the equation of the line through (0,7) & (9,7) ?

Vertical Lines – x = #
     Can't use formula since m is undefined!

     However, no need for formula

x-coordinates will be the same if 2 points are given


slope will be undefined & x-coordinate will give equation if point & slope given


a graph will show a vertical line and where it crosses the x-axis gives equation


Example:
What is the equation of the line shown below?









Some of the exercises are word problems and in order to complete them you need to be able to:


1)  Write an equation using function notation


2)  Find f(x) based upon x


3)  Find x based upon f(x)

If we have time we will do the following exercise:


Example:
#68 p. 150 Blitzer
Special Pairs(Groups) of Lines
  There are two types of special pairs.  There are perpendicular lines and parallel lines.

Perpendicular Lines are lines that meet at right (90() angles.  Perpendicular lines have slopes that are negative reciprocals of one another.


Example:  
Give the slope of the line perpendicular to each of the 

Following.
a)
y  =  1/2x  +  3



b)
2x  +  3y  =  9

Example:
Give the equation of a line that is perpendicular to the line 

given.
a)
2  +  3y  =  9x



b)
x  =  3
Parallel Lines are lines that never cross.  At all points, parallel lines are equidistant.  Parallel lines have the same slope, but they do not have the same y-intercept.
Example:  
Give the slope of the line parallel to each of the 

following:

a)
y  =  1/2x  +  3



b)
2x  +  3y  =  9


Example:
Give the equation of a line that is parallel to the line given.

a)
2  +  3y  =  9x



b)
x  =  3
Parallel or Perpendicular?

Based upon the slope of the line, once it has been put into slope-intercept form, we can judge whether or not a set(group) of lines is(are) parallel or perpendicular.

Assessing Whether Perpendicular or Parallel
Step 1:  Put equation of the line into slope-intercept form (solve for y)

Step 2:  a)  For parallel lines -- Are the slopes the same?

             b)  For perpendicular lines -- Are the slopes negative reciprocals?

Example:
Are the lines parallel, perpendicular or neither?  Why or why not?

a)
x  (  3y  =  -6



b)
-x  +  2y  =  -2
3x  (  y  =  0




2x  =  4y  +  3

c)
-2/9  (  y  =  x

3y  (  3x  =  1

Example: 
 Find the equation of the following lines.

a) Parallel to the line  y = 4  and passing through  (2,-2)

b) Perpendicular to x = 1 and passing through (8,111)

c) Perpendicular to 3x  +  6y  =  10 through  (2,-3)

d) Vertical through (-1000, 2)

e) Horizontal through  (1239,1/4)

f) With slope, -4; y-intercept, -2

g) With undefined slope through (-3, 1)

h) With zero slope through (1/3,7.8)

i) Through (5,9)  parallel to the x-axis

j) Through (4.1,-92) perpendicular to the x-axis

k)  Parallel to  3x  +  4y  =  5, through  (3, 5)

Suggested HW §2.4
p. 148-152 #1-71odd,#87-89all
Step 1:  Find pts.


Step 2: Find slope


  a)  Geometric or


  b) Formula


Step 2:  Plug m & pt.


Step 3:  Solve for y


   a)  Distribute slope


   b) Add y1 to both sides





y





x





y





x





3





y





Step 1:  Plug m & pt.


Step 2:  Solve for y


   a)  Distribute slope


   b) Add y1 to both sides





Step 1:  Find m


Step 2:  Plug m & pt.


Step 3:  Solve for y


   a)  Distribute slope


   b) Add y1 to both sides





x





y





x





y





5


    6


        7





2


    3


        5





These are maps.


Left is f(n) 


Rt. Is not an f(n)
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-5
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-15





(4,2)
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5





-1
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