Preface to Chapter 6
This chapter deals with pairs/systems of linear equations.  

Recall:  A linear equation in two variables is an equation that describes a line 
ax  +  by  =  c  

We will be solving systems (sets of equations considered together) of linear equations using 3 methods.  The solution to a system of linear equations is always an ordered pair that solves both (all) equations at the same time.  As with solving any equation, systems can be consistent and dependent (the same line, thus infinite solutions), inconsistent and independent (parallel lines, thus no solution), or consistent and independent (two lines that meet in a single point, thus one solution).  

	Type
	Look When Solved
	Solution

	Consistent & Independent

(Like Conditional)
	x  =  #  &   y = #
	(x, y)

	Inconsistent & Independent

(Like contradiction)
	#1 = #2 A false statement

(no variables present)
	No Solution or  (

	Consistent & Dependent

(Like identity)
	#1 = #1 A true statement

(no variables present)
	Infinite Solutions


We learn 3 methods because no one method is the best; each has its benefits and drawbacks.  Here is a summary of those benefits and drawbacks:

§6.1 Graphing

Pros-  This method is very easy because we already know how to graph.
Cons-  The method is inexact and does not work well when thE solution is off 
  the graph or not an integer ordered pair.  Sometimes the equations are 
  painful to graph.
§6.2 Substitution

 Pros- We know how to substitute a given value into an equation already.
 Cons- When fractions are involved this method can become messy.  Clearing 

  can help, but that’s just an extra step.
§6.3 Elimination Method (Addition Method)
 Pros- Fractions are easier to deal with.
Cons- The method is entirely new, and a little harder to put together.  Sometimes 
 it is hard to determine what to multiply     both equations by in order to 
 make one variable go away

§6.1 Using Graphs & Tables to Solve Systems
Objectives
· Meaning of a solution to a system of linear equations

· Finding solutions of systems of linear equations by graphical methods

· 3 Types of Equations

· Using tables of values to solve a system

First, let's start out by noting that a system of linear equations is simply a pair (or more) of linear equations in 2 variables that have some relationship.  The relationship is where reality comes in (this is really used in real life, in economics, physics, marketing, etc.).  The solution to a linear system is the point where the two lines meet – the ordered pair that solves both equations at the same time.  Now let's jump into solving systems by graphing.

Steps to Solving using Graphing

Step 1:  Graph each line using methods from chapter three


Method 1:  Find 3 points on the lines and plot, and draw line


Method 2:  Find intercepts and a third point and plot.


Method 3:  Find the y-intercept & slope and plot using the slope. * Method of choice 

        because you’ll want slope intercept form, which will aid in seeing parallel, 

        perpendicular and same lines.

Step 2:  Locate the point where the lines meet, and determine and label its ordered pair.  

  This is the solution.


Example 1:
y  =  3x  (  4



y  =  x  +  2

Your Turn
Example 2:
        
y  =  x  +  4




x  +  2y  =  2

Now, let’s visualize the “exception” cases:

Example 3:
y  +  2x  =  3



4x  =  2  (  2y

Note:  This is an inconsistent, independent system.  It is inconsistent because there is not a solution and independent because the equations each describe different lines.

Example 4:
3x  +  y  =  0


2y  =  -6x

Note:  This is a dependent, consistent system.  Since the equations describe the same line they are considered dependent and because there is a solution (infinite solutions) it is considered consistent.

Example 5:
Here is the graph for the following system. What is the solution?

6x  (  3y  =  5





x  +  2y  =  0


Note:  Pretty difficult to say isn't it. It's your best guess. The solution is actually 

(2/3, -1/3), but you can only say in retrospect, "Oh, sure that’s true!"  This is the reason that graphing is not always the most appropriate method for solving a system of equations! 

Solving a system with a table was already previewed in Chapter 4. Solving a linear equation in one variable by graphing and by tables was actually a preview of solving a system by graphing and by tables.

Recall the following example which was exercise #69 from p. 211 of Lehmann’s Elementary and Intermediate Algebra, 1st Edition, Pearson Education 2011

Example 6:
Solve -3x + 7 = 5x + 15 using the tables below

	x
	y = -3x + 7
	
	x
	y = 5x + 15

	-2
	13
	
	-2
	5

	-1
	10
	
	-1
	10

	0
	7
	
	0
	15

	1
	4
	
	1
	20

	2
	1
	
	2
	25


Recall the solution was the x when the y-values were the same. For a system of linear equations in 2 variables we will be interested in both the x & the y values and giving them as an ordered pair. We will see the above problem in the following manner, but the solution will be found in the exact same manner.


Example 7:
Solve the system using the table given





y = -3x  +  7





y =  5x  +  15

	x
	y = -3x + 7
	y = 5x + 15

	-2
	13
	5

	-1
	10
	10

	0
	7
	15

	1
	4
	20

	2
	1
	25


Now, it’s your turn


Example 8:
Solve the system using the table given




*Adapted from Lehmann #37 p. 232





y = -2x  +  17





y = 5x  –  4

	x
	y = -2x + 17
	y = 5x – 4

	0
	17
	-4

	1
	15
	1

	2
	13
	6

	3
	11
	11

	4
	9
	16


§6.2 Using Substitution to Solve Systems
Objectives

· Isolating a variable to help solve a system by substitution

· Using substitution to solve systems of linear equations

· Inconsistent & Independent Systems solved by substitution

· Consistent & Dependent Systems solved by substitution

Recall, in §4.6 of Lehmann’s book we learned how to solve a formula for one of its variables. We applied this knowledge to linear equations to put them in slope-intercept form. We will again be applying this knowledge to solve a linear equation in two variables for one of its variables so that we can form an expression for one of the variables in terms of the other variable.


Example 9:
Form an expression for x in terms of y by solving the following 




equation for x.







2x  +  6y  =  8

Solving a System by Substitution

Step 1:  Solve one equation for either x or y

Step 2:  Evaluate the second equation using the solution in part 1, and solve for the 

  remaining variable. (If you solved for y in part one, then you will be solving for 

  x in this part, and this will give you your x coordinate.)
Step 3:  Plug the solution from part 2 into one of the original equations and solve for the 

  remaining variable. (If you solve for x in part 2, this will yield the y coordinate.)

Step 4:  Write the answer as an ordered pair.

Example 10:
Solve.

x  +  y  =  20



       

       x   =  3y

Example 11:
Solve.

3y  =  x  +  6






4x  +  12y  =  0

Example 12:
Solve.

4x  +  2y  =  5





2x  +  y  =  -4

Note:  The false statement tells us that there is no solution.

Example 13:
Solve.

1/4x  (  2y  =  1



   


x  (  8y  =  4

Note:  The true statement means that there are infinite solutions.

In the next example, we might want to clear the equations of fractions first and then use our method.

Example 14:
Solve.

x/3  +  y/6  =  1






x/2  (  y/4  =  0

Your Turn


Example 15:
Solve.

2x  (  5y  =  1






3x  +  y  =  -7
§6.3  Solving Systems of Linear Equations by Elimination (Addition)
Objectives

· Using elimination to solve a system of linear equations in 2 variables

· Comparing 3 methods (we did this already)

Steps for Elimination (Addition)
Step 1:  Put the equations in the same form! (y = mx  +  b; ax  +  by  =  c; etc.)
Step 2:  Multiply one or both equations by a constant with the goal of eliminating one of 

  the variables.

Step 3:  Add the two equations in such a way that one variable is eliminated (goes away; 
        is subtracted out) 

Step 4:  Solve the new equation from step 3 for the remaining variable (for instance if 
        you eliminated y in step 3, you will be solving for x).

Step 5:  Put the solution from step 4 into an original equation and solve for the 

  remaining variable (if you solved for x in step 4, then you are solving for y now).

Step 6:  Write the answer as an ordered pair, null set or infinite solutions. 
Step 7:  Check your solution by putting the values for x & y into both equations and 

  making sure that it is a solution for both.

Example 16:
Solve by elimination.

4x  +  y  =  9








2x  (  y  =  15

Your Turn
Example 17:
Solve by elimination.

4x  +  y  =  1

2x  +  5y  =  1

Example 18:
Solve by elimination.

8x  =  -11y  (  16








2x  +  3y  =  -4

Note:  We can’t solve this problem until the equations are in the same form!

Your Turn

Example 19:
Solve by elimination.

y  =  2x  +  3








5y  (  7x  =  18
Now the special cases!
Example 20:
Solve by elimination.

2x  +  3y  =  0








4x  +  6y  =  3

Note: One of the steps yields a false statement and this how we know that there is no solution to this problem.

Example 21:
Solve by elimination.

-x  +    5y   =  -1








3x  (  15y  =   3

Note:  One of the steps yields a true statement, which tells us that this equation has infinite solutions.

Ok, what about fraction?  I said they were easier to deal with right?  Let’s prove it!

Example 22:
Solve by elimination.

x    +  1/3y  =  5/9







8x  +    3y  =  -16

Note:  The simplest way to deal with this system if you do not like to deal with fractions is to clear each equation of fractions by multiplying by the LCD.  After that is done you follow the normal steps.  Some books and professors/teachers will recommend doing those steps all at once!  I don’t like to muddy the waters.  One thing at a time.

Your Turn


Example 23:
Solve by elimination.


a)
3x  +  6y  =  9



b)
x  =  5/6y  (  2



4x  (  16  =  -8y



6x  (  5/2y  =  -9/2
§6.4 Using Systems to Model Data
Using linear models we can find out when the solution to 2 models will be the same. This is a very useful tool in many fields of study where linear equations appear.

One such instance is in Economics:


Cost & Revenue equations form a system of equations that 



when solved as a system tell us about an important point 



referred to as the break-even point. Is showed you an example 



of each of these in §5.6, examples 33 & 34.


Example 24:
Use the examples from §5.6 to find the break-





even point, the number of puzzles that must be 




made in order for the same amount of money to be 




made as it costs to produce.

§5.6 Example 33:
A company that makes jigsaw puzzles can make 200 




puzzles for $6400 and 1000 puzzles for $7000. Use the linear 




model to find how much it will cost to make 75 puzzles. 

§5.6 Example  34:
The puzzle company in the last example can sell 200 




puzzles for $1000 and 1000 puzzles for $5000. 


Example 25:
The revenue from selling computer boards can be described 

as R = 60x, and the cost of producing these boards can be given as 

C = 50x  +  500.  How many boards must be sold in order to break 

even?  How much will it cost to produce the number of boards 

required to break even (the start up cost)?
§6.5 Perimeter, Value, Interest & Mixture Problems

Objectives

· Know the 5-step method of problem solving (I’ll leave this to Lehmann’s book)
· Use a system to solve

· Perimeter

· Value

· Mixture
· Interest 

Perimeter Problems

These problems revolve around 2 things – one the perimeter formula and two a known relationship between the sides lengths. These two things will form our two equations.

Recall:

P = 2l  +  2w

l = length of a rectangle







w = width of a rectangle







P = perimeter of a rectangle
Example 26:
An architect designs a rectangular flower garden such that the width is exactly two-thirds  of the length.  If 260 feet of antique picket fencing are to be used, find the dimensions of the garden.


Example 27:
The floor of Batman's costume storage closet is nine feet more than 



three times its width.  If the perimeter is 138 feet, what is its 



length?


Example 28:
Fannie Farkel selected a rectangular frame to place the picture of 



Ferd Burfil.  The length of the frame was 8 cm less than twice its 



width.  Find the dimensions of the frame if its perimeter was 



68 cm.

Value Problems
This type of problem is a modified number problem – a mixture problem.  The only catch is that you must multiply the value of the item by the number of that item to get the value that you possess, purchase, etc.  The scenario goes like this:  You are told the total number of things that you have (or are purchasing) and this gives you your first equation, this is different from the last time that we encountered these problems.  Then you are told the total value of the things that you possess (or are purchasing) and this allows you to form a second equation based upon the knowledge that the number that you possess or purchase multiplied by the value of each item when summed will give you the total value.  
The value of the items will either be given to you or they will be assumed known from common knowledge.  We define the different things that we possess or are purchasing in terms of two variables.

	
	# of People      (
	Cost Per        =
	Total Cost

	Type 1
	
	
	

	Type 2
	
	
	

	Total
	
	
	



Example 29:
The Fox Theatre contains 500 seats and the ticket prices for a 

recent show were $43 for adults and $28 for seniors.  For one 

afternoon show, the total money earned by the Fox Theatre was 

$16,805.  How many adult and senior tickets were sold?

Example 30:
Sal’s coin collection of dimes and quarters is worth $15.25.  There are 103 coins in all.  How many of each are there?*

(Martin-Gay doesn’t have any of this exact type but they are the same of the next one.)

Example 31:
Kelly sells 62 shares of stock she owns for a total of $433.  If the 
stock was in two different companies, one selling at $6.50 a share and the other at $7.25 a share, how many of each did she sell?

Your Turn

Example 32:
A troop of Cub Scouts collected 436 returnable bottles and cans, 
some worth 5¢ each and the rest worth 10¢ each.  If the total value 
of the cans and bottles was $26.60, how many 5¢ bottles or cans 
and how many 10¢ bottles or cans were collected?*

The next type of problem, makes a link between the total value problem and the next type the chemistry mixture problem involving a percentage problem, it is the same exact type of problem.  I call these the grocery store mixture problems.  These problems have the following multiplication portion, that will then be used to create the expressions that sum to form the equation.



$_______ /lbs.  times  ________(lbs) =  Total Cost


Example 33:
Birdseed costs $0.59 per lbs. and sunflower seed costs




$0.89 per lbs.  Angela's pet store wants to make a 40 lbs. mixture 




of  birdseed and sunflower seed that sells for $0.76 per lbs.  How 




many lbs. of each type should she use?

Example 34:
A certain store has 10 kg of mixed cashews and pecans worth 
$8.40 per kg.  Cashews alone sell for $8 per kg, and pecans sell for $9 per kg.  How many kg of each are in the mixture?*

	Amount of Nuts
	Cost per kg
	Total Cost

	
	
	

	
	
	

	
	
	


*Problems from Elementary Algebra, 5th edition  by Bittinger&Ellenbogen.

Mixture Problems

For a mixture problem we have three columns: the percentage of the solution/mixture, the total amount of the mixture (this is the column that adds to give us our first equation), and the amount of the pure thing (this is the column that we use to get our second equation). In both mixture and interest problems the rows that are not totals multiply to yield the value in the last column. In both, you must remember that percentages must be converted to decimals in order to be multiplied.  In both, the last column yields the second equation.

These problems are an application of percentage problems.  It is an application of the basic setup:
_______%  of  __________  =  __________  Where the percentage is the strength of the solution, the whole is the amount of the solution and the part is the amount of pure “whatever” that is suspended in the solution.  What makes these problems tricky is that we have two applications of this basic percentage problems and then when the two different solutions are mixed together they form a new solution, in  a special way.
Keys to solving are remembering that these are percentage problems and building a table like the following!
	Amount  Solution     •
	Strength  =
	Amount of Pure

	
	
	

	
	
	

	
	
	



Example 35:
How many cubic centimeters of a 25% antibiotic solution should 



be added to a 10 cubic centimeters of a 60% antibiotic solution in



order to get a 30% antibiotic solution?

Example 36:
A chemist has one solution that is 80% base and another that is 
30% base.  What is needed is 200 L of a solution that is 62% base.  
The chemist will prepare it by mixing the two solutions on hand.  
How much of each should be used?*

	Percent of Base
	Total Amount of Solution
	Amount of Pure Base

	
	
	

	
	
	

	
	
	



Example 37:
How much water should be added to 30 gallons of  a solution that 



is 70% antifreeze in order to get a mixture that is 60% antifreeze?

Simple Interest Problems

I think the simple interest problem should just be included as a type of mixture problem that doesn’t have 3 multiplication problems!
Keys to solving interest problems are to build a chart as the following and remember that 

P ( R ( T  =  I

Where

P  =  Principle (the money invested or for which interest is accruing upon) 



R =  Percentage Rate of Interest (change to a decimal to work with this)


I  =  Interest (the amount of money earned or paid on the principle at the given rate)

	Principle       (
	Rate          (
	Time         =
	Interest

	
	
	
	

	
	
	
	

	
	
	
	


Example 38:
A woman invested four times as much at 5% as she did at 6%.  The 
total amount of interest she earns in one year from both accounts is 
$520.  How much did she invest at each rate?

	P
	R
	T
	I

	
	
	
	

	
	
	
	

	
	
	
	


Note:  This is a variation of the typical problem, where the first column will sum.  Instead, we use the information about the relationship between the amounts to form a second equation.  When we have only one variable and one equation we define one variable and then put the other amount in terms of that variable according to the relationship.

Example 39:
I have $2000 dollars to invest.  I wish to invest it in such 



a way that I will earn $188 dollars from two accounts.  One 



account pays 8% interest and the other 10% annually.  How much 



should I invest in each account?

Example 40:
Suppose that you invest a certain amount of money in an account that earns 8% in annual interest.  At the same time, you invest $2,000 more that that in an account that pays 9% in annual interest.  If the total interest in both accounts at the end of the year is $690, how much is invested in each account?

§6.6 Linear Ineq. in 2 Variables; Systems of Linear Ineq. In 2 Var
Objectives

· Distinguish between Linear Ineq. In 2 vs 1 Variable

· Solutions to Linear Inequalities in 2 Variables
· How to give the solution set/solve a linear inequality in 2 variables

· Solving a system of linear inequalities in 2 variables

· Application of systems of linear inequalities

A linear inequality in two variables is the same as a linear equation in two variables, but instead of an equal sign there is an inequality symbol ((, (, (, or ().



Ax  +  By  (  C



A, B & C are constants









A & B not both zero









x & y are variables

  It is extremely important not to confuse a linear inequality in two variables with a linear inequality in one variable. These linear inequalities in one variable are graphed on a number line and only have one variable! Let's review them briefly, in hopes that we will not forget the difference when we come across them together, in the future.


Recall:  To graph a linear inequality in 1 variable



Step 1:  Solve for the variable as if it were an equality, except 

 
   when multiplying or dividing by a negative, in which 

   case the inequality flips.



Step 2:  Graph on a number line.

a) Use ] (right bracket) for ( or [ (left bracket) for ( endpoints 

b) Use ) (right parentheses) for ( or ( (left parentheses) for ( endpoints 

c) Solid line to the right for  ( or (
d) Solid line to the left for ( or (
e) For ( use a solid line with arrows on both ends

f) For ( use nothing & put a null set by the number line

Example:  Solve, graph and give interval notation

a)
3x  (  2  (  5 



b)
0 (  4x  (  7  (  9

Determining if an ordered pair is the solution set to a linear inequality is just like determining if it is a solution set to linear equality; we must evaluate the inequality at the ordered pair and see if it is a true statement.  If it is a true statement, then the ordered pair  is a solution, and if it is false then it is not a solution.


Example:
Determine if the following ordered pairs are solutions to 







5y  +  2  ( -7x

a)
(0, -1)





b)
(-1,-1)

c)
(-1,1)
Graphing a Linear Inequality in Two Variables
Step 1:     Solve the equation for y (don't forget that the sense of the inequality will reverse if 

     multiplying or dividing by a negative.)
Step 2:
     Graph the line y = ax  +  b

a) If ( or ( then line is solid

b) If  ( or ( the line is dotted  

Step 3:      Select 2 checkpoints (ordered pairs in two regions created by the line)

    a)  One above the line


    b)  One below the line

Step 4:     Evaluate the inequality at the checkpoints and for the checkpoint that creates a 


     true statement, shade that region

Example: 
Graph   y  (  2x  +  4

Example:  
Graph 

2x  +  y  (  -1


Example:  
Graph


3x  (  4y  (  12

Steps for Solving Systems of Linear Inequalities

1. Graph both linear inequalities on the same graph.  It is helpful to either use different colors for the graphs or to use differing hash marks.

2. The solution to the system is where both hash marks or both colors lie and the lines that create the boundaries.  Dotted boundary lines are still boundaries, but they are not part of the solution.

Example:
Solve (graph the solution).

y  (  2x  +  1








y  (  x  +  2


Example:
Solve (graph the solution).

y  +  2x  (  0








5x  +  3y  (  -2



Example:
Solve (graph the solution).
y  (  ½ x  +  2








y  (  ½ x  (  3


Example:
Solve (graph the solution).
x  >  2








y  +  x  ≥  2
Example:
Solve (graph the solution).
2x  −  y  <  5







y  ≥ -1

Example:
We will do Exercise #68 on p. 366 of Lehmann’s, Elementary and 




Intermediate Algebra, Edition 1 to demonstrate an application 
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x  +  2y  =  0








6x  (  3y  =  5
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