§4.1 Commutative, Associative and Distributive Laws
Objectives
· Know commutative, associative and distributive laws

· Showing that a statement is false

· Comparing distributive and associative laws for multiplication

· Know definitions of term, numeric coefficient, variable, constant and like terms

· Definition of equivalent expressions

· Know how to simplify expressions

Commutative Properties
This special property states that no matter in which order you add or multiply two numbers the sum or product is still the same. 

a  +  b  =  b  +  a

Commutative Property of Addition


a  (  b  =  b  (  a

Commutative Property of Multiplication


Example 1:
a)
0  +  8  =  8  +  0

b)
15  +  7  =  7  +  15




c)
x  +  7  =  7  +  x

d)
7(8)  =  8(7)




e)
8x  =  x8

The commutative property does not hold for subtraction or division. We will use our evaluation skills to show that we create false statements when using the commutative property on subtraction and division.


Example 2:
Let 
a = 10  &  b = 2, evaluate the following:



a)
a  +  b  =  b  +  a


b)
a • b  =  b • a



c)
a – b = b – a



d)
a ÷ b = b ÷ a

See how the truth value of the addition and multiplication problems was true, whereas the truth value of the subtraction and division problems was false. This is because neither subtraction nor division is commutative!
Associative Properties  

This property tells us that we can group numbers together in any way and add or multiply them we will still get the same answer. You learned this property when you learned to add columns of numbers and found that it was easier to group numbers together and then add the groups' sums. Or when you learned that the multiplication table was symmetric.

( a  (   b)  (  c  =  a  (  ( b  (  c )

Associative Prop. of Multiplication

(a  +  b)  +  c  =  a  +  (b  +  c)


Associative Prop. of Addition

Example 3:   
a)
5 + 4 + 7 + 3  =  ( 5 + 4 )  +  ( 7 + 3 )




b)
6x + ( x + 8 )  =  ( 6x + x ) + 8




c)
(x  +  7)  +  3  =   x  +  (7   +  3)




d)
8 • (7n)  =  (8 • 7)n




e)
2 • 3 • 6n  =  (2•3•6)n

One very nice thing about the associative property of addition is that we can use it to add terms (any number, variable(s) or a variable(s) multiplied by a number) that are alike, like terms (terms that have the exact same variable or variables). We can also use the associative property of multiplication to group numeric coefficients together to create a single number (called a numeric coefficient of a variable term). 

*Note:  You might recall that when a number is written next to a variable it indicates multiplication.

The associative property is not valid for subtraction or division either.

Example 4:
Show that the following are false statements by simplifying.




a)
(5  –  3)  –  2  ≠  5  –  (3  –  2)




b)
(10  ÷  2)  ÷  2  ≠  10  ÷  (2  ÷  2)

Distributive Property
Unlike addition, multiplication has another property called the distributive property. The distributive property only works with multiplication and goes as follows. It distributes multiplication over addition:



a ( b + c ) = a ( b )  +  a ( c )


Example 5:  
Simplify each of the following using the distributive 




property



a)
4 ( 3 + 2 )



b)
  x ( 3 + 5 )

Note:  Do not become confused by these two simple examples. They are meant to give you a warm fuzzy about using the distributive property. The distributive property should not replace order of operations if you have all numbers!


c)
2 ( 2x + 3 )



 d)
5 ( x + y + 5z )

Do not confuse the distributive property and the associative property for multiplication.

Example 6:

2(2 • 3) ≠ (2•2) x (2•3)

In other words, multiplication does not distribute over multiplication. The next example is instead the correct usage of the distributive property.


Example 7:

2(2  +  3)  =  2•2  +  2•3

From Chapter 1 you should remember that a variable is a letter that represents an unknown quantity that is changeable (variable). Also recall that a constant was a quantity that did not change, in other words it was just a number. Also recall that an expression is a sum of numbers in math, and in algebra, an algebraic expression is a sum of terms.
Term – Number, variable, product of a number and a variable or a variable raised to a power.

Example 8:
a)   5

b)
5x
     c)
    xy

d)
x2
Numeric Coefficient – The numeric portion of a term with a variable. It is the number that is multiplied by the variable.

Example 9:
What is the numeric coefficient?

a)
3x2

b)
x/2

c)
- 5x/2

d)
– z

Like Term – Terms that have a variable, or combination of variables, that are raised to the exact same power.

Example 10:
Are the following like terms? Why or why not?




a)  7x

10x2




b)  - 15z
23z




c)  t

15t3




d)  5

5w




e)  xy

6xy

f)  x2y

- 2x2y2
Simplifying an algebraic expression by combining like terms means adding or subtracting terms in an algebraic expression that are alike. Remember that a term in an algebraic expression is separated by an addition sign (recall also that subtraction is addition of the opposite, so once you change all subtraction to addition, you may simplify.) and if multiplication is involved the distributive property must first be applied. When we simplify an algebraic expression we are creating an equivalent expression. An equivalent expression is on with the same truth-value as the original for any value of the variable.
Simplifying Algebraic Expressions

Step 1:  Change all subtraction to addition


Step 2:  Use the distributive property wherever necessary (to create individual terms)

Step 3:  Group like terms (this uses the commutative & associative properties)

Step 4:  Add numeric coefficients of like terms (this is the distributive property


  used backward)

Step 5:  Don’t forget to separate each term in your simplified expression by an 

addition symbol! Remember that addition of a negative is subtraction of a 

positive.

Example 11:
The following is a single term, but it can be simplified into two 




terms using the distributive property.






2(x + 3)

Example 12:
Show that the simplified version of the term in Ex 11 has the same 




truth value as the original expression, and is therefore an 




equivalent expression, when x = 0, 1, -1.

*Note:  This will always be the case for equivalent expressions. You can use this fact to check that your simplified version is correct.


Example 13:  Simplify each by combining like terms.
a)
2x  +  4x2  +  5x  (  2x2  +  5

b)
5y  –  14  +  7y  (  20y


c)
-3(2x  +  5)  –  6x


d)
9y2  –  (6xy2  –  5y2)  –  8xy2

e)
5x  –  (3x  –  10)


f)
2  –  4(6x  (  6)

g)
Subtract 6x  –  1 from 3x  +  4
h)
½(12x  –  4)  –  (x  +  5)

We can also revisit our translation problems and then simplify the expressions that we get.

Example 14:  Translate the following. Simplify if necessary after translating.

a)
The sum of 20 and a number, multiplied by 9



b)
Three-fourths a number, subtracted from half the difference of twelve and 


the number.
c)
Seven more than twice the sum of a number and nine.
d)
The sum of 3 times a number and -2, increased by twice the number

e) The sum of 2, three times a number, -9, and the product of 4 and the 

number.
§4.2 Simplifying Algebraic Expressions
This section just continues what has already been introduced in the last section. In §4.1 the book only has problems that have constants that need to be combined. Here are some more examples for you to try on your own.


Example 15:
Do Exercises #12, 26, 32, 48 & 60 on p. 184

§4.3 Solving Algebraic Equations
Objectives
· Linear Equations in one Variable

· For a Linear Eq. in 1 Var. know satisfy, solution, solution set, and solve

· Identity & Inverse Properties (not in Lehmann’s book)

· 3 roles of a variable

· Equivalent Equations

· Solving linear equations in 1 variable by addition & multiplication properties 
(undoing operations)

· Graphing to solve linear eq. in 1 var.
Linear Equations in One Variable are equations that can be simplified to an equation with one term involving a variable raised to the first power which is added to a number and equivalent to a constant. Such an equation can be written as follows:






mx  +  b  =  0
m & b are constants

m ( 0

x is a variable
Our goal in this and the next section will be to rewrite a linear equation into an equivalent equation (an equation with the same solution) in order to arrive at a solution. We will do this by forming the equivalent equation to find a value or values that satisfy the equation:

x = #       or      # = x
x is a variable 

# is any constant

Most of the time there is only 1 value that will make a linear equation true and that is the value that we desire. This also means that we can check (evaluate the expressions on each side of the equation to check for a true statement) our solution.


Example 16:
a)
Is x = 2 a solution of
x  +  9  =  -11?




b)
Is x = -20 a solution of 
x  +  9  =  -11?

Although Lehmann’s book does not choose to discuss the following 2 properties at this I am going to in preparation for solving equations using the addition and multiplication properties of equality that follow.

Inverse Properties
The inverse properties are very useful properties that allow us to solve equations.


a  +  (-a)  =  0

Inverse Property of Addition



a ( 1/a  =  1

Inverse Property of Multiplication

It is the inverse property that is the basis of the addition and multiplication properties of equality. If we want to “get rid” on a value this is the property that we apply.
Identity Properties
The identity property is the thing that gives the number itself back. They should not be confused with the inverse properties, which yield the identity elements.



a  (  1  =  a

Multiplication's Identity Element is 1



a  +  0  =  a

Addition's Identity Element is 0

The multiplication identity element allows us to reduce and build higher terms. It is the identity properties of addition and multiplication that allow us to use the addition and multiplication properties of equality introduced in this section to solve algebraic equations. Don’t confuse the identity elements with the next property, the inverse property.
Now, back to our goal of finding the solution set to a linear equation in one variable.

The Addition Property of Equality says that given an equation, if you add/subtract the same thing to both sides of the equal sign, then the new equation is equivalent to the original.

a = b     and     a  +  c  =  b  +  c

are equivalent equations
Example 17:
Form an equivalent equation by adding the opposite of the constant 


term on the left.

9 +  x  =  12

We’ll use the additive property of equality to move all variables to one side of the equation and all numbers to the other side. This is known as isolating the variable.
Isolating the variable when there is only addition present is done by adding the opposite of the constant term to both sides of the equation (the expression on each side of the equal sign must first be simplified of course). This math magic comes as a result of using the inverse and identity properties of addition. We add the opposite of the constant term in order to yield zero, using the inverse property of addition to yield zero (the identity property of addition –  the only number in addition that can magically disappear)! This makes the constant disappear from the side of the equal sign with the variable!  Don’t get to carried away and forget that in order to make it disappear, you must add the opposite to both sides of the equal sign!


Example 18:
Solve by using the addition property of equality and the additive 

inverse.  In order to solve these, you must look at the equation and 

ask yourself, “How will I make x stand alone?”  This is where the 

additive inverse comes in –  You must add the opposite of the 

constant term in order to get the variable to “stand alone.”
a)
x  +  2  =  15



d)
3x  =  2x  +  9
b)
x  (  7/8  =  3/8



*e)
3x  +  9  =  2x  –  4
c)
x  +  3.5  =  1.27


*f)
4x  +  3  =  5x  –  9
*Note: These two problems come in §4.4 in Lehmann’s book.
Yes, you can probably look at each of the above equations and tell me what the variable should be equivalent to, but the point here is to develop a method that will work when the equation is more complicated!!

How do we know that we got the right number for the above answers?  We check them using evaluation!

Example 19:
Check each problem from the previous example

a)  x  =  13  so   we replace x with 13 and get the following

(13)  +  2  =  15
15  =  15 

true statement, therefore(()this solution 




satisfies the equation & is a solution to the 




equation
b)





c)

d)





e)

f)
Of course, every problem will not be as simplistic as the ones used as examples so far, and sometimes we will have to simplify a problem before we can solve it.
The Mulitiplication Property of Equality says that two equations are equivalent if the both sides have been multiplied by the same non-zero constant.
a  =  b       is equivalent to      ac  =  bc
a ( 0
We will be using this to solve such problems as:


Example:
4x  =  24

· By inspection we see that if x = 6, both sides are equivalent!

· However, if we want to isolate x what must 4x be multiplied by?  Think about it’s reciprocal!

· Using the idea of isolating the variable and the multiplication property of equality, we can arrive at a solution for x!

Example 20:
Solve using the multiplicative property of equality

a)
16x  =  48

b)
x/3  =  36
(Recall that x/3 is equivalent to 1/3 x)
The methods that we used above are called Solving Using Algebraic Methods. Next we will explore a graphical method for solving a linear equation in one variable.
Intersection of Equations (the solution of a system)
1)
Treat the left and right sides as two different equations (linear equations in 2 variables)
2)
Graph each equation as y = left side & y = right side
3)
The x-coordinate of the point of intersection is the solution. Since we are really 


only solving a linear equation in 1 variable and the y-coordinate is just the value 


of each expression (left side/right side) when they are evaluated at the 


solution.


Example 21:
Solve the following linear equation in one variable graphically.





3  –  4x  =  2  –  3x

Step 1:  Left side is an equation & Graph


y1  =  -4x  +  3

Step 2:  Right side is an equation & Graph


y2  =  -3x  +  2

Step 3:  Find the intersection point & label

             The x-coordinate is the solution

Check & Note left & right value is 
y-coordinate’s value
Could you imagine what a hassle this would be if the answer was a fraction(decimal) or a huge(small) number? Well, that’s one of the beautiful things about these graphing calculators of ours. If you have one, take it out and let’s learn a few tricks to using them.

Example:
Solve the same problem using the calculator that we solved by hand.


Step 1:  You still have to get the 2 equations as above.


Step 2:  Find the key that looks like Y=
and push it.


Step 3:  Using the X,T,θ,n
key and the   (–)       and     +
   key in the equations 


              to Y1 and Y2 (you can move between those with the arrow keys)


Step 4:  Find the      ZOOM     key and choose Standard (use arrows or enter 6)  This 


            graphs the 2 equations.


Step 5:       2nd     TRACE     will get you into the CALC menu, and you need the 


              INTERSECT function (use arrows or enter 5).  Once there, Y1 should be 


              in the upper left corner, if it isn’t then down arrow until it is and      


                   ENTER      Now, Y2 should be in the upper left corner, press      


                   ENTER     again.  It will now say GUESS in the lower left corner, 


              press      ENTER     again and your intersection will be shown.  


              Remember you want the X-Value.

Your Turn
Example 21:
Using the same method, solve
3/2 x  –  2 =  3/4 x  +  1
Try the graphing calculator with this exercise as well.

Example 22:
Using the same method, solve
-3/2 x  –  2 =  4
§4.4 Solving Linear Equations in 1 Variable
Objectives
· Solving linear equations in 1 variable by simplifying

· Learning to clear an equation of fractions or decimals

· 3 types of equations

· Lehmann includes more on (I will not go into these concepts further at this time)

· Translation

· Graphing to solve

· Locating errors
This is really just a continuation of the last section and it includes simplifying each side of the algebraic equation before applying either an addition and/or multiplication property.

Solving Algebraic Equations Algebraically
1)  Distribute where needed
2)  Clear equation of fractions or decimals (stay tuned)
3)  Simplify each side of the equation (combine like terms)
4)  Move the variable to the "left" by applying addition property
5)  Move constants to the "right" by applying the addition property
6)  Remove the numeric coefficient by applying the multiplication property
7)  Write solution as a solution set or variable = # or {#}

The following algebraic equations use the addition property and multiplication property.  The addition property is always used first.
Example 23:
Solve
a)
14x  (  2  =  26

b)
12x  –  6  =  8x  +  14
These equations need to be simplified before having the addition and multiplication properties applied. 


Example 24:
Solve the following equations by simplifying each first.
a)
6a  (  2  (  5a  =  -9  +  1

b)
5a + 6 ( 4a  =  7a  +  8  (  7a
c)
2(c  +  5)  (  3  =  3(c  (  3)  +  2c  +  1
d)
2(y  +  3)  =  21  +  7y
Clearing Equations of Fractions
This is a process that uses the multiplication property of equality to multiply every term by a constant. The constant that we wish to use is the LCD of the fraction/decimal and when the fraction/decimal is multiplied by the LCD, the denominator cancels and by multiplying out (using the associative property) there will no longer be any fractions/decimals in the equation.
For a Fraction
1)
Make sure all distributive properties are taken care of so there are only individual 

terms
2)
Find LCD of all terms

3)
Multiply each term by LCD (symbolically only)


a)
Even whole numbers get multiplied

4)
Cancel where necessary

5)
Multiply out

Example 25:
Clear the equation of fractions. Do not solve.

a)
3/2 x  –  2 =  3/4 x  +  1


b)
1/3 (y  (  5)  =  ¼ 



c)
1/3(a  +  7/3)  (  2a  =  1

d)
4/5 a  (  3a  =  1/5(a  +  2/5) 
For a Decimal

1)
Make sure all distributive properties are taken care of so there are only individual 


terms
2)
Count the largest number of decimal places in any term 


(this is really finding LCD for factors of 10)
3)
Multiply each term a factor of 10 with the number of zeros found in step 2)


(symbolically only)



a)
Even whole numbers get multiplied

4)
Move the decimal to the right the same number of places as number of zeros in 


3)’s factor of 10


Example 26:
Clear the equation of decimals. Do not solve.

a)
0.5x  +  0.25  =  1.2

b)
0.25(x  (  0.1)  =  0.5x  +  0.75
So far we have come across only one of the three types of equations that exist – the type that has just one solution. Each of the 3 types have names, but those names should not be confused with the actual solution that is given as the answer! Here are the types:

Conditional – An equation with only one solution, variable = #, is considered 

     
            conditional




Ex 27.

2x  +  5  =  5

Contradiction – Instead of variable = #, a number will equal a different number, 

    making a false statement.  This means that there is no solution.  

    ( or {} is the solution set




Ex 28.
x  +  2  =  x  –  2

Identity – Instead of variable = #, a number will equal itself or variable will equal 

      itself, making a true statement.  This means that there are infinite 

      solutions.

     ( is the solution set




Ex 29.
x  +  2  =  2(x  +  1)  –  x

Now that we know how to solve a linear equation in one variable we can finally build a model and not only find values of the independent but make predictions for the values of the dependent.

Example 30:
Let’s do Exercise #48 on p. 210 of Lehmann’s book
§4.5 Comparing Expressions and Equations
Objectives
· Distinguish between an expression and an equation

· Know when to simplify only vs when to simplify and then solve

· More translation

An equation has an equal sign and it can be simplified and then solved. Solving an equation means finding a value or value that will make the truth value “true”. An expression has no equal sign and can only be simplified. An expression can’t be cleared!


Example 31:
Determine whether each of the following is an expression or an 




equation.


a)
2x  +  5  –  5(x  +  9)



b)
2(x  +  1)  –  1/5  =  2

c)
2x  +  1/5  =  1/3(x  – 1/3)


d)
2/3x  +  1/5(x  –  2/3)

Example 32:
Solve/simplify each of the examples above as appropriate.

Example 33:
Translate and simplify/solve as appropriate.

a)
The total of eighteen and five times a number equals eleven times the 


number


b)
The difference of five and a number increased by two


c)
The product of five and the sum of two and a number yields the 


quotient of the number and four.

d)
The sum of 2/3 of a number and the number.  

e)
Seventeen decreased by the sum of 9 and a number is the same as seven 


subtracted from twice the number. 

§4.6 Formulas
Objectives
· Perimeter & Area Formulas for a Rectangle

· Finding a total value (a form of a linear equation)

· Translating to form a formula

· Solving a formula/model for a single variable 

· Slope-Intercept Form

Sometimes word problems will involve a relationship that already has a known formula. In this case it is our job to figure out the known formula being asked of us, the quantities that are given and solve the problem for the unknown quantity.

Once we identify the formula needed to solve a problem, then we need only evaluate and solve the formula with the information given in the problem at hand.

Some common formulas are:

Area of a Rectangle

A = l ( w

where l = length  and   w =  width

Perimeter of Rectangle

P = 2l  + 2w

where l = length  and   w =  width

Degrees Fahrenheit & Celsius

F =  9/5  C  +  32
where C = Degrees Celsius

C =  5/9(F  ( 32)
where F = Degrees Fahrenheit
Perimeter of a Triangle

P = S1  + S2  + S3  
where S1 =  Side 1 , S2 =  Side 2 and   S3 = Side 3


Example 34:
For the purpose of purchasing new baseboard and carpet,

a) Find the area and perimeter of a rectangular room measuring 11.5 

feet by 9 feet.

b) For which would you need to find the perimeter? The baseboard 

or the carpet?

We want to learn to write formulas for ourselves as well. We can try this with a geometric figure.


Example 35:
Do Exercise #3 on p. 226 of Lehmann’s book.

Sometimes we know all the values to put into the formulas to find the “dependent” value, but other times we will have the “dependent” value and be missing one of the “independent” values. In that case, we substitute in for what we do know and use our algebra skills to solve for what we don’t know.


Example 36:
An architect designs a rectangular flower garden where the 

width is 78 feet. If 260 feet of antique picket fencing is to be used 

to enclose the garden find the length of the garden.
Example 37:
If it is 52( F, what is the temperature to the nearest degree in 
Celsius?

Example 38:
If it is 27( Celsius, to the nearest degree what is the temperature in 
Fahrenheit?

Also in this section we will find problems where we must solve for a single variable when there are multiple variables present. We will see this throughout the book. This is a really important skill to possess to solve formulas for the variable that you are interested in so that you don’t have to repeatedly solve the same algebraic equation. This comes up in many science classes/disciplines. This is the skill that we must possess in order to put a linear equation in 2 variables into slope-intercept form. We will see an example below.
Solving for Variables when More Than One Exists

Focus on variable!! (highlight the one that you are solving for)
Focus on isolating the one variable!!!


What is added to (subtracted from) the one variable of focus



Undo this by addition property (adding the opposite)

What is multiplied by (what is it divided by) the one variable of focus



Undo this by using the multiplication property (mult. by reciprocal)

Example 39:
a)
Solve 
T  =  mnr

for n



b)
Solve    3x  +  y  =  7

for y



c)
Solve    A  =  P  +  PRT  
for R



d)
Solve
S  =  2πrh  +  2πr2
for h

Example 40:
Put the following linear equations in 2 variables into 




slope-intercept form and then give the slope & y-intercept.



a)
2x  +  5y  =  15



b)
5x  –  2y  =  12

Lehmann’s book talks about Total Value problems. I would like to say that a total value problem is nothing more than a linear model where the baseline is zero. These type of problems will give us a product of a number with a ratio of units and a number with the units contained in the denominator.

Example 41:
I buy almonds in bulk and they cost $2.35 per pound.



a)
Find a formula for the total cost, t, of p pounds of almonds.



b)
Use your formula to find the total cost of 5 pounds of almonds.



c)
If my total cost for almonds was $28.20, use your formula to find 




how many pounds of almonds were bought.


Example 42:
Birdseed costs $0.59 per lbs. and sunflower seed costs




$0.89 per lbs.



a)
Find a formula for the total cost, B, of p pounds of birdseed.



b)
Find a formula for the total cost, S, of n pounds of sunflower seeds.



c)
Write a formula to give the total cost, T, of buying p pounds of 




birdseed and n pounds of sunflower seeds.


d)
Use the formula in c) to find the total cost of buying 2 pounds of 




birdseed and 5 pounds of sunflower seeds.
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