More Ways to Solve & Graph Quadratics

The Square Root Property



If    x2  =  a  and a( (,  then
x  =  ((a

Example:
Solve using the square root property.

a)
x2  –  144  =  0



b)
x2  +  144  =  0

c)
(x  +  1)2  =  12

Completing the Square
Remember the perfect square trinomial?  a2  +  2ab  +  b2?  Well, if the you work from the middle term’s coefficient, by taking half of it and squaring that number, when a2 is a variable with a coefficient of one, what you will get is b2.  Let’s try it and see.


Example:
x2  +  6x  +  9





Take  1/2 the middle term:
1/2(6) = 3





Square that number:
(3)2  =  9





That is the constant; the b2
We will use this to create our own perfect square trinomials!  Why?  Well, perfect square trinomials can be re-written as a binomial squared and then we can use the square root property to solve an un-factorable trinomial.  Here’s how:


1)  Remove the leading coefficient by dividing every term by it


2)  Move the constant to the other side of the equation


3)  Take 1/2 the middle terms coefficient & then square it


4)  Add the number from step 3 to both sides of the equation


5)  Rewrite the perfect square trinomial as a binomial squared


     You don’t have to factor, just use the variable and the (1/2middle term’s coeff) with the middle 


     term’s sign to form a binomial.

6)  Use the square root property to finish the problem.

Example:
Solve by completing the square.

a)
x2  +  2x  –  4  =  0



b)
2x2  +  3x  –  20  =  0

The Quadratic Formula

For 
ax2  +  bx  +  c  =  0

x =   -b  ( ( b2  (  4ac  










     2a

Note:  It is not just the radical expression that is divided by 2a, it is the entire

 –b  ( ( b2  (  4ac.  I mention this because it is a common error.

Prior to this class, you may not have had quadratic formula problems that ended up with negative numbers under the radical or radical expressions that could be simplified.  Watch for this simplification!!
Example:
Solve using the quadratic formula.  Make sure to simplify to a + bi form.



2x2  (  2x  (  3  =  0

By Seeing in Quadratic Form
This goes back to our substitution factoring strategy.  Remember that any time the you have a quadratic descending in degree, where the last term is a constant and the twice the middle term’s exponent is equivalent to the highest degreed term’s exponent, the polynomial has quadratic form.  Our trick was and is to make a substitution of u for the middle term and rewrite as au2  + bu  +  c.  Once this rewriting is complete we will solve the quadratic equation in one of the ways have already discussed.  Of  course, the problem is not complete after this “first round.”  Once the “first round” is complete, we must re-substitute and solve the resulting equation(s).


Process

1)
See that the polynomial has quadratic form & rewrite with substitution


2)
Use one method of solving a quadratic to solve the resulting equation


3)
Re-substitute the original middle term


4)
Solve the resulting equation



a)
Quadratic – see above



b)
Inverse – Take the reciprocal of both sides and solve



c)
Radical – Square (cube, etc.) both sides

Example:
Solve by seeing in quadratic form.

a)
x4  (  10x2  +  9  =  0



b)
2x –2  +  x –1  (  6  =  0

c)
x      (  3x      (  4  =  0


d)
x  +  3(x  (  4  =  0
Graphing Quadratic Functions (Graphing Parabolas)
One of the most important points on a parabola, as we discussed earlier in our class, is the vertex.  Earlier we only dealt with parabolas that were centered on the y-axis, which made it very easy to locate the vertex, because it was the y-intercept, the constant.  We also discussed translating the parabola horizontally and that the vertex was then located at a different x-value, according to the value of c in (x – c)2.  Now we want to be able to locate the vertex of any quadratic function presented to us.  First, we’ll discuss the formula approach for finding the vertex.


The Vertex of:
f(x)  =  ax2  +  bx  +  c

is
(-b/2a , f(-b/2a))

Note:  f(-b/2a) can be replaced by:
4ac – b2/4a
Example:
Find the vertex of:
f(x)  = x2  (  2x  (  15

This however, is not the only way to find the vertex of a parabola.  We have a special way of writing our parabola, which allows us to pick off the vertex due to the horizontal and vertical translations that we discussed earlier in the course.  Here is how we wish to write the quadratic function:




f(x)  =  a(x  –  h)2  +  k

where the vertex is 
(h, k)

How do you get there from 
y  =  ax2  +  bx  +  c?


Complete the square!  The trick is to keep it all on one side of the equation.

The Steps:
1)  Partition the 1st and 2nd degree terms away from the constant

2)  Complete the square on the 1st & 2nd degree terms (including removing the numeric 

      coefficient of 2nd degree term by division), but don’t touch the constant!

3)  After the square is completed SUBTRACT:
constant divided out•(1/2middle term)

4)  Rewrite so that you see:
f(x)  =  a(x  –  h)2  +  k

Example:
Find the vertex using the form: f(x)  =  a(x  –  h)2  +  k

a)
y  =  x2  (  2x  (  15




b)
y = 2z2  (  7z  (  4

The x-intercepts

Now, this new form is not only great for handing you the vertex on a silver platter, but the x-intercepts are VERY easy to find as well!  The x-intercepts of ANY function are where y = 0 so by letting y =0 (or f(x) = 0 depending upon how your function is written), you have a problem that can be solved using the square root property!  This gives you the x-coordinates of the x-intercepts.  Before we proceed, let’s have a small discussion about the number of x-intercepts, and how we can tell in advance how many we will see!

The Discriminant:  
b2  –  4ac
          (the number under the radical in the quadratic formula)
If the discriminant is zero then the quadratic formula give only one solution, meaning there is one x-intercept, (since there is no ± value), if the discriminant is positive then you will get two real roots, and thus 2 x-intercepts (either rational or irrational depending upon whether b2 – 4ac is a perfect square or not),  and if the discriminant is negative then the roots are not real numbers and meaning that there are no intercepts since complex numbers can’t be graphed on the rectangular coordinate system.  Let’s summarize


(b2  (  4ac) = 0 then 1 x-intercept exists


(b2  (  4ac) > 0 then 2 x-intercepts exist



If (b2  (  4ac) is a perfect square then the roots are rational



If (b2  (  4ac) is not a perfect square then the roots are irrational


(b2  (  4ac) < 0 then no x-intercepts exist

Example:
For the following indicate how many intercepts exist and then find the 



intercepts, if they exist.

a)
y  =  x2  (  2x  (  15




b)
y = 2z2  (  7z  (  4

c)
y  =  8x2  –  x  +  2

The Axis of Symmetry
This one is easy!  It is the vertical line defined by the vertex of the parabola.

Example:
Find the axis of symmetry for:
y  =  x2  (  2x  (  15

The y-intercept
Again an easy one!  This is the constant of the parabola before it is put into our special form!  Recall that the y-intercept is when x = 0.

Example:
Find the y-intercept of:
y  =  x2  (  2x  (  15

Putting it All Together
The axis of symmetry and the y-intercept can be used together to find a 5th point to graph a parabola.  Once you know the y-intercept and the axis of symmetry, you can find the point that is symmetry to the y-intercept.  This is the point that lies on the same horizontal line as the y-intercept and is the same number of units away from the axis of symmetry, but in the opposite direction.

Finding Symmetric Point
1)  Find distance from axis of symmetry to y-intercept (subtract the x-coordinates)

2)  Add the opposite of the value found in step 1 to the x-coordinate of the vertex

3)  The value in step 2 is the x-coordinate of your ordered pair and the y-coordinate of the 

     y-intercept is the y-coordinate.

Example:
Find the point symmetric to the y-intercept for: 
y  =  x2  (  2x  (  15

Graphing w/ 5 Points

1)
Find the vertex

2)
Find the x-intercepts

3)
Find the y-intercept

4)
Find the axis of symmetry & the point symmetric to y-intercept

5)
Plot the 5 points and draw the parabola

Example:
Graph using the 5 point method:





y  =  x2  (  2x  (  15
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